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Abstract. This study explores how two alternative norms perform within the Iterative 
Seemingly Unrelated Regression (ISUR) framework, focusing on their efficiency and 
accuracy across diverse scenarios – such as varying time spans and country samples. By 
putting these norms to the test, the research offers hands-on guidance for researchers and 
practitioners seeking the most effective balance between computational speed and statistical 
precision. The Euclidean findings reveal which norm delivers the best trade-off, serving as a 
practical roadmap for optimising ISUR models in real-world applications. Ultimately, this 
comparison not only sharpens methodological decision-making but also enhances the 
reliability and efficiency of empirical workflows in econometric analysis. 
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1. Introduction 
 

This study fills an important methodological gap in econometric methodology 
by putting Seemingly Unrelated Regression (SUR) and its iterative counterpart 
(ISUR) under the microscope. Using Monte Carlo simulations, we explore how these 
estimators perform across a range of time series and cross-sectional dimensions – an 
area where existing literature offers limited insight. By rigorously testing their 
efficiency and precision, the research provides actionable guidance for applied 
economists aiming to streamline computation and boost model reliability. The 
results not only inform better estimator selection but also contribute to more robust 
and scalable econometric modelling for complex datasets. 

The SUR model (Zellner, 1962) estimates multiple interrelated equations by 
leveraging error correlations, making it applicable in contexts like regional, 
industrial, or household analyses where shared shocks affect multiple entities. For 
example, demand functions for a product across households may exhibit correlated 
errors due to shared economic factors, such as income shocks. Each equation 
functions as an independent linear regression, justifying the term "seemingly 
unrelated," though "seemingly related" might better reflect the correlated errors 
(Zellner, 1962; Srivastava & Giles, 1987). 

SUR enhances estimation efficiency by pooling information across equations 
and facilitates testing of cross-equation parameter restrictions (Zellner, 1962; 
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Greene, 2012). The model accommodates multiple equations, each with distinct 
dependent and explanatory variables. While Ordinary Least Squares (OLS) can yield 
consistent results, it is generally less efficient than SUR, which applies Feasible 
Generalised Least Squares (FGLS) using a variance-covariance matrix (Greene, 
2012). SUR and OLS produce identical estimates only when errors are uncorrelated 
or explanatory variables are identical across equations (Davidson & MacKinnon, 
1993). 

The SUR model can be seen as either a restricted general linear model (Mardia 
et al., 2024) or a broader framework allowing for distinct regressors across equations. 
It can also extend to simultaneous equations by including endogenous variables as 
regressors (Hayashi, 2000). 

In this paper, we evaluate the FGLS-based non-iterative model and compare 
convergence speeds for two iterative SUR norms. Using Python, we implemented 
two iterative SUR procedures tailored to these norms. The study begins with a review 
of the theoretical foundations of FGLS and iterative SUR, followed by practical 
Python implementation. No previous econometric study has compared Euclidean vs. 
Absolute norm convergence within ISUR. Practitioners often face slow or unstable 
convergence, yet lack guidance on which norm improves performance. 

While SUR and ISUR are widely used, the literature does not examine whether 
the choice of convergence norm affects estimator accuracy, iteration counts, or 
computational time. This paper is, to our knowledge, the first systematic comparison 
of Euclidean vs. Absolute norms within ISUR estimation, using a controlled Monte 
Carlo environment and reproducible Python implementation. To enhance external 
validity, we also provide a brief empirical illustration using real-world 
macroeconomic indicators. 

 
2. Literature review 
 

Ordinary Least Squares (OLS) and Weighted Least Squares (WLS) are common 
regression methods, but their efficiency declines when error terms exhibit correlation 
or heteroscedasticity. In such cases, the assumptions underlying these methods fail, 
potentially causing inefficiencies. Generalised Least Squares (GLS), introduced by 
Aitken (1936), addresses these issues by accounting for error structure, making it a 
robust tool in linear regression. 

GLS minimises a weighted residual sum of squares using the inverse covariance 
matrix (Ω), producing unbiased and efficient estimators. When Ω is unknown, 
Feasible Generalised Least Squares (FGLS) uses a two-step process: OLS to estimate 
residuals and Ω, followed by GLS with the estimated covariance matrix (Kiviet, 
1995). FGLS is asymptotically efficient, but small samples may reduce its accuracy 
due to variability in estimating Ω (Greene, 2003). 

GLS and FGLS are particularly useful in panel data, where cross-sectional and 
autocorrelations complicate the estimation. Their relevance depends on the dataset 
structure: large cross-sections (N) emphasise cross-sectional dependence, while long 
time series (T) highlight autocorrelation (Baltagi, 2008). Robust methods like the 
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Newey-West or White-Eicker estimators adjust OLS standard errors for 
heteroscedasticity and autocorrelation without altering coefficients (Newey & West, 
1987; White, 1980). 

Iterative FGLS further refines estimates by updating Ω and re-estimating 
coefficients until convergence. Although this improves accuracy, it is 
computationally intensive and less efficient for small samples (Hansen, 2007). 
Recent advancements in Seemingly Unrelated Regression (SUR) models address 
computational challenges, robust estimators, structural changes, and high-
dimensional data. For instance, Kontoghiorghes (1998) proposed efficient 
algorithms for large datasets, while authors (Youssef et al, 2022) demonstrated the 
effectiveness of robust estimators in reducing bias. Structural breaks in SUR models 
are addressed through statistical tests (Saraceno et al., 2023), and sparsity in high-
dimensional data is tackled with the FGLasso estimator (Tan et al., 2018). 

In conclusion, GLS and FGLS are powerful tools for managing 
heteroscedasticity and autocorrelation, particularly in large samples. Robust methods 
such as HAC or White-Eicker are better suited for smaller datasets. The choice of 
method depends on the data structure and the balance between efficiency, 
consistency, and computational complexity (Baltagi, 2008; Greene, 2003). 

 
3. Model specification 
 

In statistics, Ordinary Least Squares (OLS) and Weighted Least Squares (WLS) 
can become inefficient or produce biased results when residuals in linear regression 
models exhibit correlation. In such conditions, the Generalised Least Squares (GLS) 
method, introduced by Aitken in 1936, provides a more robust estimation technique 
for models with correlated errors (Aitken, 1936). 

In a typical linear regression framework, we observe a dataset { y𝑖𝑖, x𝑖𝑖𝑖𝑖  }𝑖𝑖=1,...,𝑁𝑁
𝑗𝑗=2,…,𝑘𝑘 

for N statistical units (e.g., individuals, firms, or other entities), across 𝑡𝑡 = 1, … ,𝑇𝑇 
time periods.  The response values are organised in a vector 𝑦𝑦 = (y𝑖𝑖, . . . , y𝑛𝑛)Transp, 
and the predictor values are placed in the design matrix: 

 
𝑥𝑥 = (𝑥𝑥1

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇, . . . , 𝑥𝑥𝑛𝑛
𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇)𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇, 

 
where x𝑖𝑖= (1, x𝑖𝑖2 , ..., x𝑖𝑖𝑖𝑖 ) is a vector of k predictor variables (including a 

constant) for the 𝑖𝑖-th unit.  
The model assumes that the conditional mean of 𝑦𝑦 given 𝑥𝑥 is a linear function 

of 𝑥𝑥  and that the conditional variance of the error term given 𝑥𝑥  is a known 
nonsingular covariance matrix Ω. This is typically written as:   

 
𝑦𝑦 =  𝑥𝑥β +  ε, E[ε|X]  =  0, cov[ε|X]  =  Ω, 

 
where β ∈{Rk} is a vector containing the unknown regression coefficients to be 

estimated, ε represents the error term and Ω is the covariance matrix of the errors. 
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Let β� be a possible estimate for β. Then, the residual vector for β� will be 𝑦𝑦 −
𝑥𝑥β�. The Generalised Least Squares (GLS) method estimates β�  by minimising the 
Mahalanobis squared length of this residual vector:  

 
(y − Xβ�  )TranspΩ−1(y − Xβ�  ). 

 
Since the objective is a quadratic form in β� , the estimator has an explicit 

formula: 
 

β� = (XTranspΩ−1X)−1XTranspΩ−1y. 
 
This formula represents the GLS estimator, which accounts for the correlation 

structure of the errors, making it more efficient than the OLS when the errors are 
correlated or heteroscedastic. 

If the error covariance Ω is unknown, a consistent estimate of it, say Ω�, can be 
obtained using an implementable version of GLS known as feasible least squares 
(FGLS) estimation. In FGLS, the modelling is done in two steps: the model is 
estimated by OLS or another consistent (but inefficient, according to Kiviet, 1995) 
estimator, and the residuals are used to construct a consistent estimator of the error 
covariance matrix (to do this, it is often necessary to examine the model by adding 
constraints additional, for example, if the errors follow a time series process, a 
statistician generally needs some theoretical assumptions about this process to ensure 
that a consistent estimator is available); using the consistent estimator of the error 
covariance matrix, GLS ideas can be implemented. 

In panel data with N individuals and T time periods:  the covariance matrix Ω 
accounts for both cross-sectional correlations (e.g., between individuals at the same 
time) and autocorrelation (e.g., correlations within an individual over time). When 
N is large and T is fixed, cross-sectional dependance dominates, but when T is large 
and N is fixed, time series properties of the errors (e.g., autocorrelation) become 
more important. An example equation would have the following form:  

 
𝑌𝑌𝑖𝑖𝑖𝑖 =  β0  +  β1𝑥𝑥𝑖𝑖𝑖𝑖1 + β2𝑥𝑥𝑖𝑖𝑖𝑖2 + ε𝑖𝑖𝑖𝑖, 

 
where i = 1, … ,𝑁𝑁, indexes individuals, 𝑡𝑡 = 1, … ,𝑇𝑇 indexes time periods and 

ε𝑖𝑖𝑖𝑖 captures heteroscedasticity or autocorrelation. 
While GLS is more efficient than OLS under the assumptions of 

heteroscedasticity or autocorrelation, this is not the case for FGLS. The feasible 
estimator is, provided that the covariance matrix of the errors is consistently 
estimated, asymptotically more efficient, but for small- or medium-sized samples, it 
may be less efficient than OLS (Hansen, 2007). Therefore, many authors prefer to 
use OLS and reformulate their inferences by simply adopting an alternative estimator 
for the variance that is robust to heteroscedasticity or serial autocorrelation. 
However, for large samples, FGLS is preferred over OLS in the presence of 
heteroscedasticity or serial correlation. (Baltagi, 2008). 
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A cautionary note is that the FGLS estimator is not always consistent. One case 
where FGLS might be inconsistent is if there are individual-specific fixed effects. 
(Greene, 2003) 

In general, this estimator has different properties from GLS. For large (i.e., 
asymptotic) samples, all properties are (under appropriate conditions) shared with 
GLS, but for finite samples, the properties of FGLS estimators are unknown: 
estimators vary dramatically depending on each model, and, typically, their exact 
distributions cannot be derived analytically. For finite samples, FGLS can be even 
less efficient than OLS in some cases. Thus, although GLS can be feasible, it is not 
always wise to apply this method when the sample size is small (Hansen, 2007). 

A common method to improve estimator accuracy in finite samples is iteration, 
where residuals from FGLS are used to update the error covariance estimator. This 
process is repeated until the estimators stabilise within a set tolerance. However, for 
small samples, this approach does not always improve efficiency. A practical 
alternative for moderate-sized samples is to use OLS while discarding the classical 
variance estimator: Var(β�) = σ2(X′X)−1. (Greene, 2003) 

In this context, the classical OLS estimator can become inconsistent due to 
heteroscedasticity or autocorrelation in the errors. To address these issues, a HAC 
(Heteroskedasticity and Autocorrelation Consistent) estimator can be used (Newey 
& West, 1987). For autocorrelation, the Bartlett estimator (popularised as the 
Newey-West estimator in their 1987 Econometrica paper) is effective. For 
heteroscedasticity, the Eicker-White estimator is widely applied (Eicker, 1967; 
White, 1980). This approach is safer and preferable, unless the sample size is large. 

Determining what constitutes a "large" sample depends on the error distribution. 
For asymmetric error distributions, a sample size exceeding 500 observations may 
be required (Lumley et al., 2002). 

The OLS estimator is calculated as usual by: β� = (X′X)−1X′Y, where: β� is the 
vector of OLS coefficient estimates, X is the matrix of independent variables, 𝑌𝑌 is 
the vector of dependent variable values. 

This estimator minimises the sum of squared residuals and is efficient under the 
classical assumptions of homoscedasticity and no autocorrelation in the error terms. 
However, in cases of heteroscedasticity or autocorrelation, robust methods such as 
HAC estimators are recommended. The residuals are estimated by: u� = Y − Xβ� . 
(Baltagi, 2008) 

To simplify, consider a model with heteroskedastic errors. In this case, one 
assumes that the variance-covariance matrix 𝛺𝛺 of the error vector is diagonal, or 
equivalently, that the errors from distinct observations are uncorrelated. Each 
diagonal entry represents the variance of the errors for each observation and can be 
estimated using the fitted residuals u�j. Thus, 𝛺𝛺OLS can be constructed as: ΩOLS =
diag(u�12, u�22, … , u�n2) . Where u�j2  represents the squared fitted residual for each 
observation 𝑗𝑗. This diagonal matrix contains the estimates of the individual variances 
for each residual error. Once ΩOLS is constructed, it can be used to adjust variance 
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estimates and produce heteroskedasticity-robust estimators, such as the White-
Eicker robust estimation. (White, 1980; Eicker, 1967) 

It is important to note that squared residuals u�j2 cannot directly be used as the 
entries of ΩOLS; we need an estimator for the variances of the errors. To achieve this, 
we can use a parametric model of heteroskedasticity or a nonparametric estimator. 
Once this step is completed, we can proceed with the following: 

The estimation of βFGLS1 using ΩOLScan be performed through the Weighted 
Least Squares (WLS) method. This involves the following steps: the first step is to 
construct the variance-covariance matrix ΩOLS based on the OLS residuals:  

ΩOLS = diag(σ�12,σ�22, … ,σ�n2), 
where σ�j2 are the estimated variances of the errors. The next step is to compute 

the inverse of the variance-covariance matrix ΩOLS:  
 

ΩOLS−1 = diag(σ�1−2,σ�2−2, … ,σ�n−2) 
 

and afterwards to estimate βFGLS1, using the WLS method, the estimator βFGLS1 can 
be calculated as:   
 

𝛽̂𝛽𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 1 =  (𝑋𝑋𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂−1𝑋𝑋)−1𝑋𝑋𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂−1𝑌𝑌, 
 
where: 𝑋𝑋  is the matrix of independent variables, 𝑌𝑌  is the vector of dependent 
variable observations. 

This formulation allows for the estimation of the coefficients while accounting 
for the heteroscedasticity present in the model, thus providing more efficient 
estimates compared to OLS. The resulting estimator 𝛽̂𝛽𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 1 will be consistent and 
asymptotically efficient under the correct specification of the error structure. 
(Baltagi, 2008; Greene, 2003) 

The procedure can indeed be iterated to refine the estimates of the coefficients 
and the variance-covariance matrix. The first iteration is given by: 𝛽̂𝛽𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 1 - starting 
point is the initial estimation using the Weighted Least Squares (WLS) approach:  

 
𝛽̂𝛽𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 1 =  (𝑋𝑋𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂−1𝑋𝑋)−1𝑋𝑋𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂−1𝑌𝑌. 

 
After obtaining the initial estimate of the coefficients, we calculated the 

residuals: u�j = 𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝛽̂𝛽𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 1, where u�j are the fitted residuals for each observation 
j. Next, we updated the variance estimates based on the new residuals: σ�12 =  u�j2 for 
each j and construct the new variance-covariance matrix ΩOLS : ΩOLS−1 =
diag(σ�1−2,σ�2−2, … ,σ�n−2). And second iterstion follows: 𝛽̂𝛽𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 2 - using the updated 
variance-covariance matrix to obtain the next estimate of the coefficients:  

 
𝛽̂𝛽𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 2 =  (𝑋𝑋𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂−1𝑋𝑋)−1𝑋𝑋𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂−1𝑌𝑌. 
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This process can be repeated iteratively, updating the variance-covariance 
matrix, and re-estimating β until the estimates converge or the changes in estimates 
fall below a specified tolerance level. This iterative approach helps in refining the 
estimates of the coefficients and improving the robustness of the model against 
heteroscedasticity. (Hansen, 2007; Greene, 2003). 

This estimate ΩOLS  can be iterated until convergence. Under regularity 
conditions, any FGLS estimator (or any of its iterations, if a finite number of 
iterations is performed) is asymptotically distributed as: √n(β�FGLS − β) →

d
N(0,Ω), 

where n is the sample size, 𝛽̂𝛽𝐹𝐹𝐹𝐹𝐹𝐹𝑆𝑆  is the FGLS estimator, β is the real parameter 
vector and N(0,Ω) represents a multivariate normal distribution with mean 0 and 
variance-covariance matrix Ω. 

This asymptotic distribution implies that, as the sample size increases, the 
distribution of the FGLS estimator approaches a normal distribution centred around 
the real parameter values, with variance determined by the specified covariance 
matrix. This property allows for valid statistical inference using the FGLS estimator, 
such as hypothesis testing and constructing confidence intervals, assuming that the 
model is correctly specified and the necessary regularity conditions hold. (Baltagi, 
2008; Greene, 2003) 

The iterative Seemingly Unrelated Regression (SUR) model involves using the 
errors obtained from the SUR model to construct the covariance matrix Ω and re-
estimating the model until convergence is achieved. In our case, we considered two 
norms to capture the changes in the estimator. These two norms are: 

Norm 1 (Euclidean norm): This norm measures the magnitude of the vector of 
changes in the estimates, defined as: 

 

N1 =  �∑(β�k+1 − β�k)2. 
 
Norm 2 (Absolute norm): This norm focuses on the total absolute changes 

among the estimates, defined as: 
 

N2 =  Σ|β�k+1 − β�k|. 
Convergence is achieved when both norms satisfy N1 < ε and norm N2 < ε, 

where ε represents a threshold value. In this study, we consider this threshold to be 
10−6. 

In practice, the iterative procedure concludes when the values of both norms 
decrease below the threshold of 10−6, indicating that further updates would produce 
negligible changes. This criterion ensures that the estimates have stabilised 
sufficiently, indicating that further iterations are unlikely to produce significant 
changes in the parameter estimates. By setting a rigorous convergence criterion, we 
ensure that the estimates obtained from the SUR model are reliable and accurately 
reflect the underlying relationships in the data. (Greene, 2003; Baltagi, 2008) 
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3.1 Model Description and Hypothesis 
 
To assess the performance of the SUR and ISUR estimators, we employed 

Monte Carlo simulations. As a robustness measure for each increase in sample size, 
we simulated 1000 different datasets. To mitigate computational issues, we utilised 
only 3 exogenous variables, one of which is a constant. 

In the first step, we generated a random covariance matrix using the following 
formula: Ω = P Σ P𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 , where P is an orthogonal matrix and                                               
Σ = diag(σ1,σ2 … ,σ𝑛𝑛), with σ1≥ σ2≥ …≥ σ𝑛𝑛≥ 0.   

Additionally, we randomly generated a vector β for each variable and for each 
individual. Both 𝛺𝛺  and β are fixed prior to the simulation cycle to facilitate the 
comparison of the ISUR estimators β�ISUR using the N1 norm and β�ISUR using the N2 
norm against the previously established β. 

This setup allows for a controlled environment where we can systematically 
evaluate how well the ISUR estimators perform relative to the real parameter values 
across different sample sizes and conditions. By employing both the N1 and N2 
norms, we can capture different aspects of estimator performance, providing a 
comprehensive analysis of robustness and efficiency. (Greene, 2003; Baltagi, 2008) 

Using the multivariate normal distribution function, we randomly generated the 
matrix X. 

To obtain Y, we multiply the vector β by X and add the elements from the 
covariance matrix 𝛺𝛺 for each of the n individuals, as described by the following 
formula: 

 
Y𝑖𝑖  =  βi0Xi0  +  βi1Xi1  +  βi2Xi2  + ui, 

 
where Xi0 represents a vector of ones with dimensions T×1, i = 1, … , N, where i is 
the number of individuals, Xi1 and Xi2 are the vectors of the two exogenous variables 
for individual i, generated from the multivariate normal distribution and ui  is the 
error term, which can be generated based on the specified covariance structure. 

Finally, we repeat this process for each individual i to construct a panel dataset. 
After constructing the panel, we executed the procedure to obtain the ISUR 

estimators using both N1 and N2 norms. In testing the model, we extended the panel 
in each dimension while keeping the other dimension constant. In the following 
section, we will present the simulation results for both cases: when the number of 
individuals N increases and when the time period T increases. (Greene, 2003; 
Baltagi, 2008) 

To begin with, we considered β0, β1 and β2 as 1, 2, and respectively, 3. These 
represent the real values of β used for constructing the datasets. The variables x0, x1 
and x2  were generated randomly based on pre-initialised means and standard 
deviations. 

For the mean E[x1]=1, standard deviation σ x1=1, mean E[x2]=3, standard 
deviation σx1=√10, we generated random numbers from the normal distribution, 
which yielded the initial values for x1 and x2. 
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The residuals were generated according to the multivariate normal distribution, 
with the means of the residuals set to 0. The variance-covariance matrix was created 
using a pre-implemented function. Using these data, we constructed the dependent 
variable y using the equation: y = β0 + β1x 1 + β2x 2  +  ϵ, where ϵ represents the 
error term, generated from the specified normal distribution. 

This procedure was carried out not just once, but for as many Monte Carlo 
replications – the final design reported in this study uses 1000 Monte Carlo datasets. 

We created a function to calculate βOLS and ϵOLS using regression, which 
ultimately returns the necessary matrices for subsequent steps. The function that 
computes the Seemingly Unrelated Regression (SUR) requires the variance-
covariance matrix of the residuals from the previous step to return βGLS. 

Additionally, we developed functions to calculate the differences between the 
residuals from step k and step k−1. These differences were calculated using two 
norms: The N1 norm, which calculates the Euclidean distance between successive 
estimates, provides a measure of the overall magnitude of change, while the N2 
norm, which sums the absolute differences, captures the total element-wise variation 
between iterations. 

This comprehensive approach ensures that we capture the performance of the 
estimators across the multiple iterations effectively. (Greene, 2003; Baltagi, 2008) 

The goal of this process is to stop the calculation of ISUR when the norms fall 
below ε, which is initially set to 10-6.  
 
3.2 The analysis 

 
In the first step of the Monte Carlo (MC) simulation, data is generated to 

compute 𝛽𝛽OLS and  𝜀𝜀OLS. The variance-covariance matrix of the OLS residuals is 
used to calculate the SUR estimators,  𝛽𝛽GLS. We then apply an Iterative SUR (ISUR) 
method, which iterates until the difference between the residuals from iteration k and 
k−1 falls below 10−6, based on the formulas for two norms. Once the difference is 
smaller than 𝜀𝜀 , the ISUR converges, returning the estimators, the number of 
iterations, the norm value, and the computation time. This process is repeated for 
1000 MC simulations. 

For each norm, ISUR estimators, norm values at convergence, iteration counts, 
and computational times are obtained. The results are concatenated across 1000 
simulations, and the means and standard deviations are calculated based on changes 
in the dimensions T (time series) and N (number of individuals, countries, regions, 
etc.). To isolate the effects of each dimension, only one dimension is modified at a 
time, while the other remains constant. 

When T is varied, N is fixed at 3, and the MC iterations are kept at 1000. T takes 
values of 50, 100, 150, 200, 250, 300, 350, 400, 450, 500, 550 and 600 sequentially. 
Similarly, when N is varied, T is fixed at 150, and N takes values from 2 to 9. Means 
and standard deviations of the estimators are calculated for each modification, 
ensuring clarity and comparability. Results are available upon request. 
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4. Results and Discussion 
 

We will continue by presenting the results of the simulations, which focused on 
evaluating the performance of the estimators and testing the convergence of the two 
norms. To clarify the results, we calculated an average estimator for each Monte 
Carlo simulation: β�k,N1  and β�k,N2  where k = {1,2,3} represents the number of 
variables, and j = {1, 2,1000} represents the number of Monte Carlo simulations. 

Since further dimension reduction was necessary, we computed the mean of the 
estimators for each increase in dimension over the 1000 Monte Carlo simulations. 
This resulted in three concise estimators: β�N1, β�N2 and βreal for each variable. 

It is important to note that the two norms used are: Norm 1:                                 

N1 =  �∑(β�k+1 − β�k)2  and Norm 2: N2 =  Σ|β�k+1 − β�k| . These norms will be 
critical in assessing the convergence and performance of the estimators throughout 
our analysis.  

 
4.1 Modification of Dimension T – This refers to the number of days, weeks, 

months, quarters, semesters, years, etc. 
 
The results confirm the previously stated findings regarding the extension of 

dimension T. Specifically, the ISUR estimator calculated using Norm 1 performs 
better than the one calculated using Norm 2. Based on the simulations, we can 
observe in Figure 1 that the difference between β�N1and βreal is smaller than the 
difference between β�N2 and βreal. 

Furthermore, it is noticeable that the standard deviations are very similar and 
exhibit the same decreasing trend as t increases, which aligns with the central limit 
theorem. A complete version of the results can be provided upon request. 

Overall, modifying the dimension T is crucial for understanding the robustness 
and efficiency of econometric estimators under varying temporal conditions. 

For this analysis, we considered a N = 3 constant values for the number of cross-
section elements, and a constant number of Monte Carlo simulation MC = 1000. We 
want to see how the coefficients modify if we iterate the model on different values 
for T (from T = 50, to T = 600). 
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Figure 1. Average Value of Coefficients 𝜷𝜷𝟎𝟎 for Individual 1 based  

on Two Norms and Real 𝜷𝜷𝟎𝟎  

Source: Authors’ own creation. 
 

Figure 1 illustrates the average estimated coefficients (𝛽̂𝛽0) for individual 1, 
comparing the results obtained using the two norms (N1 and N2) against the actual 
value of 𝛽𝛽0. The observed differences highlight the performance and accuracy of the 
ISUR estimators across varying sample sizes. 

 

 
Figure 2. Average Value of Coefficients 𝜷𝜷𝟏𝟏  for Individual 1 According  

to the Two Norms and Real 𝜷𝜷𝟏𝟏 
Source: Authors’ own creation. 
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Figure 2 illustrates the average value of the coefficients 𝛽̂𝛽1  estimated for 
individual 1, comparing the results obtained using the two norms with the actual 
value of 𝛽𝛽1. It provides insights into how well the estimators perform relative to the 
real coefficient across different sample sizes or iterations. 

 

 
Figure 3. Average Value of Coefficients 𝜷𝜷𝟐𝟐  for Individual 1 based  

on the Two Norms and Real 𝜷𝜷𝟐𝟐  

Source: Authors’ own creation. 
 

Figure 3 displays the average values of the estimated coefficients 𝛽̂𝛽2  for 
individual 1, comparing them to the actual value of 𝛽𝛽2  across the two norms. It 
highlights the differences in performance between the estimators and how closely 
they align with the real coefficient value. 

The number of iterations decreases as T increases, indicating faster convergence 
in longer time series. At the same time, the norms produce similar results, once again 
highlighting their similarity. However, if we take into account the average number 
of iterations when t increases, N1 is more efficient, requiring a smaller number of 
iterations to achieve convergence. In this case, since the number of iterations 
decreases as t increases, the ISUR model calculated through N1 may present a 
reliable alternative. In terms of the computational duration of the estimators, we can 
observe that N1 is more efficient, especially when t is greater than 600, by about 2 
seconds. However, we should note that in the simulations, the value of N was kept 
at 3, which may represent a lack of robustness. 
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Figure 4. Average Number of Iterations Until Convergence by Norm 

Source: Authors’ own creation. 
 

Here is Figure 4 representing the average number of iterations until convergence 
by Norm 1 and Norm 2. It illustrates the downward trend in the number of iterations 
as the time intervals increase, with Norm 1 requiring fewer iterations compared to 
Norm 2. 

 

 
Figure 5. Average Value of the Norm at Convergence by Norm 

Source: Authors’ own creation. 
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Figure 5 shows the average value of the norm at convergence for Norm 1 (N1) 
and Norm 2 (N2) across different time periods (T) and Monte Carlo iterations 
(MC1000). The plot reveals the performance trend of both norms as the time 
dimension (T) increases, with the values decreasing for both norms. 

 

 
Figure 6. Average Computational Time Until Convergence by Norm 

Source: Authors’ own creation. 
 

Illustrating the computational time taken for ISUR convergence as a function 
of dimension 𝑇𝑇 (the time intervals), Figure 6 compares Norm 1 (N1) and Norm 2 
(N2), where N1 consistently shows shorter computational times, particularly as T 
increases, confirming that N1 is more efficient in this aspect. 
 
4.2 Modifying the Dimension N – Number of Individuals, Regions, Countries, etc. 

 
To begin, we will present the results for the expansion of the dimension n. For 

testing purposes, we simulated 1000 different datasets for each n ranging from 2 to 
9. To enable comparison of the results, we established three 𝛽̂𝛽 coefficients, one for 
each variable, so that all individuals share the same coefficients: β0 = 1, β1 = 2, and 
β2 = 3. 

The aim of modifying the dimension n is to understand how increasing the 
number of individuals affects the performance and reliability of the SUR and ISUR 
estimators, thereby providing insights into the robustness of these estimators in 
econometric modelling. 

To this analysis, we considered a T=150 constant values for the number of time 
periods, and a constant number of Monte Carlo simulation MC = 1000. We want to 
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see how the coefficients modify if we iterate the model on different values for N 
(from N=2, to N=9). 

The results show that the differences between the means of the estimators 
calculated using N1 and N2 are very small, on the order of 10-3, both between them 
and compared to the real values. At the same time, the errors are approximately 
equal, which leads to the first conclusion that the estimators are performing well, and 
neither N1 nor N2 shows significant improvement over the other. We expected to 
see a decreasing trend in the errors, tending toward zero, which could represent an 
empirical result of the central limit theorem. However, in this case, it is not evident 
because increasing N does not increase T, and therefore the central limit theorem 
effects may not appear. Nevertheless, if we were to simulate data with a sufficiently 
large N, this hypothesis would likely be confirmed. 

Figures 7 to 9 highlight the evolution of the two norms in terms of convergence 
iterations and computational time. As N increases, the number of iterations required 
for convergence grows. For example, at N = 2, both norms require 5 iterations, while 
at N = 9, this rises to 10 iterations. Computational time also increases with 
dimensionality, reaching 17 seconds at N = 9, compared to less than a second at 
smaller dimensions. The norms differ in convergence patterns: N1 typically requires 
fewer iterations than N2, often by more than one iteration. While their computational 
times are similar, N1 is slightly more efficient, with differences of less than a second 
between the norms. 

 

 
Figure 7. Average Number of Iterations Until Convergence by Norm 

Source: Authors’ own creation. 
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Figure 8. Average Value of the Norm at Convergence by Norm 

Source: Authors’ own creation. 
 

 
Figure 9. Average Computational Time Until Convergence by Norm 

Source: Authors’ own creation. 
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4.3 Empirical Illustration: SUR Estimation on Labor Market Indicators 
 
To complement the Monte Carlo investigation and reinforce the practical 

relevance of norm selection in ISUR, we estimate a three-equation SUR model using 
an empirical dataset derived from World Bank indicators for 112 countries over the 
period 2010-2022 (see Supplementary Materials – section 2. Empirical Application). 
The dependent variables capture key labour-market outcomes: (i) the employment-
to-population ratio (EMP_POPi), (ii) the unemployment rate (UNEMPLi), and (iii) 
the labour force participation rate (LABOR_FORCEi). The explanatory variables 
include GDP per capita (GDP_CAPi), Internet use as a share of the population 
(INTERNETUSEi), secondary school enrolment (SCHOOLSECi), and the share of 
the urban population (URBAN_i). These indicators jointly reflect structural 
socioeconomic conditions that tend to evolve together across countries, implying a 
contemporaneous correlation in their disturbances and motivating the use of a SUR 
specification. 

Consistent with this rationale, we specify the following three-equation SUR 
system: 

 
EMP_POPi  =  α1 + γ1GDP_CAP𝑖𝑖 + δ1INTERNETi + ϑ1SCHOOL_SEC𝑖𝑖 +

ω1URBAN𝑖𝑖 + 𝑢𝑢1i, 
 
UNEMPL𝑖𝑖  =  α2 + γ2GDP_CAP𝑖𝑖 + δ2INTERNETi + ϑ2SCHOOL_SEC𝑖𝑖 +

ω2URBAN𝑖𝑖 + 𝑢𝑢2i, 
 
LABORFORCE𝑖𝑖  =  α3 + γ3GDP_CAP𝑖𝑖 + δ3INTERNETi + ϑ3SCHOOL_SEC𝑖𝑖 +

ω3URBAN𝑖𝑖 + 𝑢𝑢3i, 
 

where the disturbance vector (𝑢𝑢1𝑖𝑖,𝑢𝑢2𝑖𝑖,𝑢𝑢3𝑖𝑖)′  is allowed to follow a non-diagonal 
contemporaneous covariance structure. As expected in multi-equation labour-market 
settings, the estimated residual correlation matrix displays sizeable off-diagonal 
elements, confirming the suitability of the SUR framework. 

The system is estimated using both non-iterative SUR (FGLS) and Iterative 
SUR under the two convergence norms defined earlier: Norm 1 (Euclidean) and 
Norm 2 (Absolute). The Python implementation ensures that both ISUR procedures 
are identical in all respects except for the norm employed. For each estimation, we 
record (i) the number of iterations required to reach the convergence threshold of 10-

6 (ii) computational time, and (iii) the final norm value. 
Figures 10 to 15 report the empirical computational times for both convergence 

norms, showing that the Euclidean norm (N1) requires substantially less time to 
reach convergence than the Absolute norm (N2). Although the simulation study 
revealed greater variation in iteration counts across sample dimensions, the empirical 
dataset is sufficiently stable for both norms to converge in a single iteration. Even 
so, meaningful differences persist in the final norm magnitudes and in the 
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computational time required, further underscoring the superior efficiency of the 
Euclidean criterion in practical applications. 

 

 
Figure 10. Computation Time by Sample Length (T): Norm 1 vs Norm 2  

for EMP_POP 
Source: Authors’ own creation. 

 

 
Figure 11. Computation Time by Number of Countries (N): Norm 1 vs Norm 2  

for EMP_POP 
Source: Authors’ own creation. 
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Figure 12. Computation Time by Sample Length (T): Norm 1 vs Norm 2 for  

Source: Authors’ own creation. 
 

 
Figure 13. Computation Time by Number of Countries (N): Norm 1 vs Norm 2  

for LABOR_FORCE 
Source: Authors’ own creation. 
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Figure 14. Computation Time by Sample Length (T): Norm 1 vs Norm 2  

for UNEMPL 
Source: Authors’ own creation. 

 

 
Figure 15. Computation Time by Number of Countries (N): Norm 1 vs Norm 2  

for UNEMPL 
Source: Authors’ own creation. 

 
Across all three equations, the empirical results are consistent with the broader 

patterns observed in the Monte Carlo analysis. Although both convergence norms 
reach the stopping criterion in a single iteration for this particular dataset, the 
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Euclidean norm (N1) requires noticeably less computational time and attains smaller 
final norm values than the Absolute norm (N2). These differences, while moderate 
in this relatively small empirical system, mirror the systematic efficiency advantage 
identified in the simulation study. Importantly, norm selection affects only the 
computational trajectory of the ISUR procedure: the estimated coefficients, standard 
errors, and overall model fit remain virtually identical across both norms and with 
the non-iterative SUR benchmark. Overall, this empirical illustration confirms that 
norm choice is an operationally meaningful modelling decision. Even in standard 
applications with modest dimensionality, the Euclidean norm improves 
computational efficiency without altering the statistical content of the estimates. As 
model complexity increases – through additional equations, regressors, or 
restrictions – the practical relevance of selecting an efficient convergence norm 
becomes even more pronounced, in line with the patterns revealed by the Monte 
Carlo experiments. 
 
5. Conclusions 
 
5.1 Modification of Dimension T 

 
The values of 𝛽̂𝛽𝑁𝑁1 and 𝛽̂𝛽𝑁𝑁2 fluctuate around the real values βreal . This was 

expected, given that the variables also have a random component in their structure. 
The average deviation of coefficients β0, β1 and β2 decreases as T increases, 
converging toward 0 with the growth of dimension T. At low T, 𝛽̂𝛽𝑁𝑁2 is more efficient 
compared to 𝛽̂𝛽𝑁𝑁1 . However, as T is modified, the differences change slightly. 
Ultimately, both estimators, regardless of the norm used in their calculation, can be 
said to be efficient, showing very similar performance. The differences 𝛽̂𝛽𝑁𝑁1 −
βreal and 𝛽̂𝛽𝑁𝑁2 − βreal  are small, on the order of 10-3 but they are not constant. For 
small T (between 50 and 200), the differences 𝛽̂𝛽𝑁𝑁2 − βreal  are greater than 𝛽̂𝛽𝑁𝑁1 −
βreal. As T increases, N2 becomes more efficient. The average number of iterations 
for both norms decreases as the dimension T increases. From an efficiency 
standpoint, we can conclude that N1 (the Euclidean norm) is more efficient, as it 
requires fewer iterations to reach convergence. The average value of the norm 
decreases as T increases. Initially, with ε = 10-6, convergence is observed for small 
T starting at  4 × 10−6 and as T increases, it diminishes to 2 × 10−6. The average 
computational time increases as T increases; Notably, N1 (the Euclidean norm) 
generally requires less time on average for estimation, making it the more efficient 
option. 
 
5.2 Modification of Dimension N 

 
The values of 𝛽̂𝛽𝑁𝑁1  and 𝛽̂𝛽𝑁𝑁2  fluctuate around the real values βreal. This was 

expected, given that the variables also have a random component in their structure. 
The average deviation of coefficients β0, β1 and β2 decreases as N increases, 
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converging toward 0 with the growth of dimension N. At low N, 𝛽̂𝛽𝑁𝑁1 is more 
efficient compared to 𝛽̂𝛽𝑁𝑁2 . However, as N is modified, the differences change 
slightly. The differences 𝛽̂𝛽𝑁𝑁1 − βreal and 𝛽̂𝛽𝑁𝑁2 − βreal  are small, on the order of 10-3 
but they are not constant. For small N (between 2 and 5) the differences are smaller 
than those for larger N. An N increases, the differences 𝛽̂𝛽𝑁𝑁1 − βreal are still smaller 
than 𝛽̂𝛽𝑁𝑁2 − βreal, which indicates that 𝛽̂𝛽𝑁𝑁1 is more efficient. The average number of 
iterations for both norms increases as the dimension N increases. From an efficiency 
perspective, we can conclude that N1 (the Euclidean norm) is more efficient, as it 
requires fewer iterations to reach convergence. The average value of the norm 
decreases as N increases. Initially, with ε = 10-6, convergence is observed for small 
N starting at  2 × 10−6  and as N increases, it rises to 5 × 10−6 . The average 
computational time increases as N increases; however, it can be observed that N1 
(the Euclidean norm) generally requires a shorter time on average for estimating, 
which allows us to classify it as the more efficient option. 

We put the Iterative Seemingly Unrelated Regression (SUR) model to the test, 
comparing how quickly and efficiently it converges under two different norm 
specifications within the Feasible Generalised Least Squares (FGLS) framework. To 
carry out this comparison, we designed a custom Python-based algorithm capable of 
implementing both estimators, allowing for a head-to-head evaluation of their 
computational performance and precision. 

This study evaluates the performance of the Iterative Seemingly Unrelated 
Regression (ISUR) model by comparing the convergence speed and efficiency of 
two norms based on Feasible Generalised Least Squares (FGLS) estimation. Using 
Python, we developed an algorithm to calculate the estimators and employed Monte 
Carlo simulations to generate data from a known variance-covariance matrix (Ω) 
using a multivariate normal distribution. The endogenous variable for each 
dimension n was constructed based on a priori values of 𝛽̂𝛽. 

To streamline analysis, we averaged the results of 𝛽̂𝛽 across dimensions and 
Monte Carlo cycles. Simulations revealed that the ISUR estimator, particularly with 
norm N1, is highly efficient. While differences between norms are minor for smaller 
dimensions (N<9, T<600), increasing n and t enhances the estimators’ performance, 
with N1 achieving faster convergence and greater computational efficiency. 

This study fills a methodological gap by showing that norm selection is not 
innocuous: the Euclidean norm systematically reduces iteration counts and 
computation time without compromising estimator accuracy. To the best of my 
knowledge, this is the first study to examine how the choice of convergence norm 
affects Iterative SUR estimation. The paper provides a systematic computational 
comparison, complemented by an empirical application demonstrating the practical 
implications for real-world datasets. 

This paper is the first to show systematically that Euclidean norms reduce 
iteration counts and computational time without loss of accuracy. These findings 
refine best practices for applied researchers implementing iterative GLS methods. 

As the dimensionality of the model increases, the performance gap between the 
two norms becomes more pronounced, with Norm 1 (N1) showing a clear advantage. 
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Moreover, an increase in the number of cross-sectional units (N) tends to raise the 
number of iterations required for convergence, while a longer time span (T) generally 
reduces it. However, the robustness of these findings – particularly regarding 
iteration counts – is limited, as the simulations involving complementary dimensions 
were conducted using relatively small values for N and T, which may restrict the 
generalisability of the results. 
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