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Abstract. Estimating and forecasting volatility is an important issue for
financial decision-makers. Therefore, it is important to build models that adapt to
the current characteristics of the time series. The ordered weighted average (OWA)
has some extensions that provide interesting ways to adapt to these characteristics.
This work proposes a new application that uses the ssimple linear regression (LR)
and OWA operators in the same formulation. We use the heavy ordered weighted
average (HOWA), the prioritized ordered weighted average (PrOWA), the
probabilistic ordered weighted average (POWA) and their combinations with
induced cooperators. The main idea in linear regression with OWA operator is to
obtain an estimate and forecast that can be adaptable to situations of uncertainty
and information known to the decision maker. The work analyzes the applicability
of this new approach in a problem regarding exchange rate volatility forecasting,
where the operators that we can use in high or low seasons are located and thus
gener ate ranges.
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1. Introduction

The vulnerability of financial markets can be measured by price volatility
(Markowitz, 1952; Jiang & Liu, 2016). Therefore, forecasting and estimating
volatility has become the subject of study in financial instruments such as the stock
market (Kim & Won, 2018), gold price (Chen & Xu, 2019) and exchange rate
(Christou, 2018).

One of the most well-known approaches to generating a simple equation
between parameters is simple linear regression. This method can often derive
results which match, to a useful approximation, those found in the real world (Roni
et al., 2019). A linear regression estimator frequently used for its simplicity and
functionality is the ordinary least squares (OLS) (Stone and Brooks, 1990; Huang,
2017).

However, the data in some areas could be large and complex, which
hinders the operation of the linear regression and the OLS estimator. Therefore,
several proposals have been made to use fuzzy logic to forecast in an uncertain
environment, in multiple regression analysis (Jung et a., 2015) or the |least-squares
method (Hose & Hanss, 2019). To improve the forecast with linear regression and
the process of estimation with ordinary least squares, this work proposes the use of
the operator of the weighted ordered average (OWA) (Y ager, 1988) to create new
estimators that contemplate nonlinearity and high degrees of uncertainty.

The OWA operator (Yager, 1988) is a method that considers an
aggregation process, providing the maximum, the minimum, and the average. In
addition, it has some extensions that provide a better solution for handling complex
and uncertain data; the Heavy Ordered Weighted Averaging HOWA (Y ager,
2002), the prioritized OWA (PrOWA) (Yager, 2008), The probabilistic ordered
weighted averaging POWA operator (Merigd, 2009), the prioritized induced heavy
OWA (PIHOWA) PIHOWA (Ledn-Castro et al., 2021) and the prioritized induced
probabilistic OWA (PIPOWA) (Perez-Arellano et al., 2021). Since its introduction,
OWA operators have been successfully applicated forecasting exchange rate
(Ledtn-Castro et al., 2016), business administration (Vigier et a., 2017), and
portfolio selection (Zhang & Zhang, 2004), among others.

The paper presents a new operator using some extensions of the OWA
operator in calculating the parameters in linear regression; these are caled: LR-
HOWA, LR-PrOWA, LR-POWA, LR-PIHOWA and LR-PIPOWA. The main idea
is to obtain a linear model which can be estimated according to the decision
maker's degree of optimism or pessimism. Moreover, the new proposals can
capture probabilistic and diffuse information in a single formulation, using two or
more group decision-making problems with a weighting vector greater than one.
This feature alows us to work with different degrees of uncertainty and model
complex variables. The proposed estimators forecast the Mexican peso-US dollar
exchange rate volatility. With the results, the ranking changes can be analyzed
according to additional information provided.
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This work is organized as follows. Section 2 reviews some basic
preliminaries regarding linear regression, OWA operators and some of its
extensions. Section 3 presents different propositions of the simple linear regression
with OWA operator extensions. Section 4 develops an application of the new
framework in analyzing volatility exchange rate forecasting between USD and
MXN. Finaly, the conclusions summarize the main findings of the paper.

2. Preliminaries

This section presents the main definitions that will be used to generate the
LR-HOWA, LR-PrOWA, LR-POWA, LR-PIHOWA and LR-PIPOWA. The main
idea is to include different weighting vectors in the traditional Linear Regression
formulations; this will allow further analysis of the historical data by having the
weighting vector and the reordering step that are the main components of the OWA
operator. Furthermore, with these additional steps in the LR formulation, the
decision maker's expectation, knowledge and aptitude will be included in the result.

21 Linear regression

The purpose of linear regression is to explain the variation of a dependent
variable in terms of the interpretation of explanatory variables in a linear function
(Seber & Lee, 2003). To perform it, afunctional relationship between the variables
must be postulated. It is defined as follows:

Definition 1. Is asimple regression when given a set of variables (x;, yi),
where a function fy: R™ - R, parameterized by a parameter vector 6 =a + (.
Simple linear regression model is developed as:

yj = a+ Bx;, )

where y; is the dependent variable and x; is the independent variable.
Some assumptions about the given data bound the linear regression; the values of
the unobserved error term are mutually independent and identically distributed. It is
also assumed that the relationship between variablesis crisp (Peters, 1994)

The most popular method to estimate the vector 6 is Ordinary least squares
(OLS) (Gujarati & Porter, 2009). The OLS seeks to minimize F(0) =

K wie (1 (9))2. The values o and B that minimizes the previous expression are
calculated asfollows:

_ Cov(xy) _ TkeaCk=D k=)
p= var(x)  XK_ (xp—%)? 2
a=y—px, (3

where X and y are the averages in the sets xy, y, Respectively. Note that 8
could be estimated with variance and covariance.

As can be seen, the LR formulation uses averages in both the variance and
the covariance; in this sense, it is assumed that from the whole set of data, all the
values/attributes has the same importance in the average (1/n). Still, sometimes it
would be possible to assume that some information impacts the results more than
others. Because of that, it is possible to generate a variance using a weighted
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average or more complex results by utilizing a reordering step. These ideas are
important because it is possible to create new scenarios that usualy cannot be
obtained by the traditional formulations. With these, the decision maker's
expectations, knowledge and aptitude for the results can be included.

22 OWA operator and its extensions

The OWA operator (Yager, 1988) belongs to a parameterized family of
aggregation operators. This offers values as the maximum, minimum, and
arithmetic mean. The main idea of the reordering step between the arguments and
the weighting vector allows It is defined as follows:

Definition 2. An OWA operator with dimension nis a model OWA: R™ —
R characterized by an n dimensional vector W = [wy,w,,..,w,]", caled the
weighting vector, such that its components lie in the unit interval and sum to one,
w; €[01]and X7 w; = wy + -+ w, = 1, then:

OWA(ay, ay, ..., an) = Y=g Wjbj, (4)

where b; isthejth largestin ay, ay, .., a,.

Also, some of the most used extensions of the OWA operator will be
described. The first is the induced OWA (IOWA) operator (Yager & Filev, 1999).
The main advantage of IOWA operator is the reordering step with order-inducing
variables using tuples (v;,a;). The IOWA operator can work with complex
variablesin modelling. It can be defined asfollows:

Definition 3. An IOWA operator of dimension n is a mapping
IOWA: R™ - R with an associated weights vector W = [wy, w,,..,w,]T where
w; =€ [0,1] and Y7L, w; = 1, then:

I0OWA((uy, a; uz, az), ..., (up, az)) = 1;:1 wjb;,  (5)

where b; isthe a; value of the OWA pair (u;, a;) having the jth largest u;.
The variable u; isthe order inducing variable, and a; is the argument variable.

The second extension will be presented based on the idea that the
weighting vector is not bounded to 1. In this sense, the heavy OWA (HOWA)
operator (Yager, 2002) lets the decision maker over or underestimate the results
based on a weighting vector that theoretically can range from —oco to co. The
definition proposed is the following.

Definition 4. A HOWA operator is a mapping HOWA: R™ — R, associated
with a weight vector W = [wy,w,,..,w,]"such that 0 <w; <1 and 1<
Yi=1w; < n, so that:

HOWA (ay, a, ..., an) = Xj=1 wjbj, (6)

where b; is the jth largest value of the collection a;. An important element
to consider with the HOWA operator presented by Yager (2002) is the beta value
of the vector W. The beta value is defined as (W) = (|]W| —1)/(n — 1). Since
|W| € [1,n], it follows that 8 € [0,1]. That is why if B = 1 the total operator is
obtained and if § = 0 the usual moving average is obtained.
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The third extension analyzed in the paper is the prioritized OWA (PrOWA)
operator (Y ager, 2008), an operator for group decision-making. The main idea of
PrOWA is that in group decision making not all the members have the same
importance in the results. Because of that, their opinions should not be considered
equally. The formulation can be as follows.

Definition 5. A PrOWA operator is a mapping PrOW A: [0,1]™ - [0,1],
associated with a weight vector W such that w; =€ [0,1] and Y- w; =1.
Additionally, assume a collection of criteria partitioned into g categories,
Hy, Hy, ..., Hy then H; = {Cjq, Cjy, ..., Cin} denotes the criteria of the ith category.
The formulais asfollows:

PrOWA((an, e, alnl), v (aql, . aqnq))

q ni
=Z Zwijcijbj(x) , ()
i=1 \h=1

where w;; is the corresponding weight of the jth criteriain the ith category,
i=1,..,qj=1,..,i;. X ={xq, .., xy} isthe set of alternatives.

Finaly, the probabilisic OWA (POWA) operator was introduced by
Merigo (2009) as an extension of the OWA operator for situations where exist
probability information. It provides a complete representation of reality because it
unifies the probabilities and the OWA operators, considering the degree of
importance of each case in the aggregation process. The definition is as follows:

Definition 6. A POWA operator of dimension n is a mapping
POWA: R™ - R that has an associated weights vector W = [wy,wy,..,wy,]"
where 0<w; <0 and X" ,w; =1. Additionaly, consider an associated
probability v; with Y7L, v; = 1 and v; € [0,1], then:

n

POWA(aq,ay, ..., a,) = ]Z;p] b; )
where b; is the jth element of the largest of the collection a,ay, ..., ay,
where each argument a; is associated with a probability p;, where i, p; = 1 and
p; € [0,1],p; = Bw; + (1 — B)p; with p € [0,1], and p; is the probability of p;
ordered according to b;, according to the jth largest element of a;. Additionally, if
B = 0, the PA operator is obtained, and if § = 1, the OWA operator is obtained.
Also, more complex extensions of the OWA operator combining different
characteristics of different formulations into one have been done. In this paper,
there is an emphasis on the following. An extension OWA that combines PrOWA,
IOWA and HOWA operators is the prioritized induced heavy OWA (PIHOWA)
proposed by Ledn-Castro et al. (2021). The main characteristic of the PIHOWA
operator is that it captures in one operator the prioritization of criteria and order
with complex variables where the vector of weights can be greater than one. The
formula can be defined as follows:
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Definition 7. A PIHOWA operator of dimension n is a mapping
PIHOWA: R™ - R with an associated weight vector w, where 0 <w; <1 and

15;Z£4v%:£n,ﬂmm
PI}IODVfl(((ullallx.“,(ulnlalnl)),".,((uqlaqlx.",(uqnqaqnq)))

= zq: i b9 Ci; (), ©)

i=1 h=1

where b; isthe jth element that has the largest value of u;, u; isthe induced
order of variables, ¥;; is the corresponding weight of the jth criteria in the ith
category, i = 1,...,q,j = 1,...,i; and C;;(x) measures the satisfaction of the jth
criteriain theith group by dternativex € X, foreachi =1, ..,q9,j =1, ..., i;.

Another extension is the prioritized induced probabilistic OWA (PIPOWA)
operator (Perez-Arellano et a. 2019) combines IOWA, POWA and PrOWA
operators in the same formulation. The PIPOWA operator uses prioritized criteria,
inducing variables u; and probabilistic data. The definition is as follows:

Definition 8. A PIPOWA operator of dimension n is a mapping
IPOWA: R™"xR™ — R that has an associated weight vector w of dimension n where
wj € [0,1] and Z;‘lzl wj = 1, s0 that

q ng

PIPOWA((uy, ay), (y, @y}, o, Uy, @) = Z Z BoyCi. (g
i=1h=1

where b; is the jth element that has the largest value of u.. u; is the
induced order of variables, 9;; is the corresponding weight of the jth criteriain the
ith category, i = 1,...,q,j = 1, ..., i;, and C;;(x) measures the satisfaction of the jth
criteria in the ith group by dternativex € X, for each i =1,..,q,j =1, ..., i;.
Additionally, each element has an associated probability p; with Y7, p; = 1 and
p; € [0,1],9; = pw; + (1 — B)p;, where § € [0,1] and p; isthe probability of p;.

3. Propositions of smplelinear regression with different OWA

operator extensions

Different extensions of the linear regression formulation can be done using
OWA operator and its extensions. This paper uses new formulations based on the
operators defined in section 2. The first one will be the linear regression HOWA
(LR-HOWA) operator. The main characteristic of the LR-HOWA operator is that
the weighting vector can be unbounded and provide an under or overestimated
result based on the decision maker's expectations. It can be defined as follows:

Proposition 1. A LR-HOWA operator of dimension n is a mapping
LR — HOWA: R™ — R given the variables x,, € U and y,, € U such that they have
an associated weighting vector W = [wy,w,,..,w,]T where w; € [0,1] and
1< Z;Lle <n, 0.

Yaowa = Quowa + BrowaX;- (11)
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The calculation of the 8 parameter is as follows:
B _ By wil=0)=v) _ Covhowary)
Howa ¥, wj(xj—u)2 vargowa(®) ’ (12

where x; y y; is the jth largest arguments in the variables x and y
respectively. 1 and v are the HOWA operator means in x and y. The components
(a; —w)? and (x; —p)(y; —v) have some associated weights (WA) w; with
1<¥7.,w; < nwherew; € [0,1].

Note that it is possible to obtain the HOWA variance and HOWA
covariance (varyowa; COVyowa) as Special cases. This is because it is possible to
divide the elements of the linear regression formulation and analyze the covariance
and variance as different elements. This applied to all the formulations that will be
defined in the document. Finally, some special cases of S04 @ethe following.

a) max — Covyowa(x,y) = ¥X_, w; (xj - y)(yj - v) when
minimum HOWA in u and v and thew; = 1 isused.

b) max — varyowa(x) = Y¥_, w; (xj - ,u)z with a maximum
HOWA in u and thew; = 1.
C) min — Covyowa(x,y) = Z’,ﬁzle(xj - ,u)(yj —v). It is an

extreme case where p and v are the maximum HOWA and the minimum w; = 0,
then it hasthat min — Covgowa(x,y) = 0.

d)  min—vargewa(x) = Sk_ wi(x; — p)°. Itisasimilar case asthe
previous one where u is the maximum HOWA and w; =0, then max —
vargowa(x) = 0.

€) max — Byowa 1S calculated when max — Covyowa(x,y) and
max — varyowa(x) are used.
f) Min — Byowa Can not be calculated because Byowa = % = IND.

In the case of @ parameter the calculation is developed as follows:

Agowa =V — Browalts (13)

where 1 and v are the means in vectors x and y calculated with the HOWA
operator. One can see that min — Byowa @d maximum and minimum HOWA (i
,U) can be used.

The second formulation is based on the idea of a group decision-making
process through the PrOWA operator obtaining the simple linear regression
PrOWA (LR-PrOWA) operator. The definition is as follows:

Proposition 2. A LR-PrOWA operator of dimension n is a mapping
LR — PrOWA: R™ — R with two variables x; € U and y,, € U such that they have
an associated weighting vector W where the weighs have some characteristics as
0<w;<1and Z}Ll w; = 1, then the formulation is:

Yerowa = @prowa + PprowaX;- (14
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To estimate 8 and a parameters the following expressions are used:

_ 211§=1 wj(xj—1)(yj-v) _ Covprowa(®y)
Prowa =

vk wi(xj-n)’ varprowa(x) ’ (15)

Aprowa =V — Bprowals (16)

where - and v are the PrOWA operator in x and y, respectively. w; isan
associated weight .7_; w; = 1 and w; € [0,1]. Note that it is possible to obtain
three different formsto calculate the LR-PrOWA considering using the PrOWA
operator in estimating parameters.

The third proposition is based on the POWA operator. The main
contribution of the simple linear regression POWA (LR-POWA) operator is that in
the results is possible to combine a weighting vector and a probahilistic vector,
with these is possible to add the expectations and knowledge of the decision maker
(weighting vector) and the probabilities of obtaining the different results
(probability vector) within the simple linear regression model. The formula is as
follows.

Proposition 3. A LR-POWA operator of dimension n is a mapping
LR — POWA: R™ - R with a dependent variablex;, € U and an independent
variable y, € U, such that they have an associated weighting vector W =
Wi, wa,..,w,]" , 0<w; <1 and X7, w; = 1, Additionally, the variables have
an associated probability vector v; with i, v; = 1 and v; € [0,1], sothat:

Ypowa = Apowa + BprowaX;- 17)

where the parameters 8 and a are estimated as follows:

_ Zﬁﬂ wi(xj=1)(yj=v) _ Covpowa(xy)
POWA =

2]i=le(xj—y.)2 varpowa(x) ! (18)

apowa =V — Browalk, (19)

where 1 and v are the means (POWA operator). The components (xj —

w)(y; —v) and (% — p) have an associated weight w;, such that Y7, w; = 1
The fourth proposition is based on the idea that simple linear regression

can aso be estimated with hybrid operators consisting of two or more OWA
operators. For example, the PIHOWA operator in linear regression (LR-PIHOWA)
combines Prioritized, Induced, Heavy and OWA operators with OLS estimator.
The LR-PIHOWA can estimate parameters in a simple linear regression where
more important data come out than others, the variables used are influenced by

other variables and where the weighting vector is not bounded to a sum equal to
one. It can be defined as follows:
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Proposition 4. An LR-PIHOWA operator of dimension n is a mapping

LR — PIHOWA: R™ - R with two variablesx;,y, and an associated weight

vector W, 1 <w; <n and ¥7_;w; =1, with an inducing variable u; for the

reordering, and corresponding weights according to priority C(x), the formulation
is:

YpiHowa = ®praowa t BPIHOWij- (20)

Itispossibleto develop 8 and « asfollows:
Z£=1Wj(xj_#)(yj_“) _ Covpigowa(x,y)

Yk wilxj-n)’ varprpowa(®) ’ (21)

Bpinowa =

®Apinowa =V — Bpinowak (22)
wherethe means 1 and v are calculated with PIHOWA operator. The
2 .
components (x; — u)(y; —v) and (x; — 1) have aweight w;, such that
i—ywj=1landw; € [1,n].

The last proposition will be done with the POWA, IOWA and PrOWA
operators. The simple linear regresson PIPOWA operator (LR-PIPOWA) is an
aggregation operator in group decision-making that will include in the simple
linear regression formula an additional probability vector and a reordering step
based on induced variables instead of the maximum or minimum value of the
attribute. The formulation is as follows.

Proposition 5. An LR-PIPOWA operator of dimension n is a mapping
LR — PIPOWA: R™ — R with adependent variable x;, and an independent variable
¥k such that they have an associated weighting vector W = [wy,w,,..,w,]7 ,
0<w; <1 and ¥}, w; =1, Additionaly, the variables have an associated
probability vector wv; with Y-, v; =1 and v; € [0,1], corresponding weights
according to priority C(x) so that:

Ypipowa = Qpipowa t .BPIPOWij' (23)

It ispossibleto develop § and a asfollows:

_ The1 wj(xj=w)(¥j=v) _ Covprpowa(*.y)
PIPOWA =

Tk wi(xj-n)’ varpipowa(x) ’ (29

®pipowa = U — Bpipowalts (25)

where the means 1 and v are calculated with PIPOWA operator. The
associated weight w;, in variance and covariance has a characteristic Z}l:l wj =1
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The LR-PIPOWA and all the propositions presented in this section have
the same proprieties the OWA operator; monotonic, idempotent and boundary
(Wei et al. 2012); these are explained as follows.

Monotonic: if exist a second attribute vector (b;) forming a second LR-
PIPOWA, if a; = b;then:

FYpipowa (@), -, (a3)) = F(Ypipowa (b)), ... (by)) (26)

Commutativity: Let f(y;) be an application of LR-PIPOWA and where
f((ay), ..., (ay)) isapermutation of the arguments £ ((e;), ..., (e,)). Then.

FYpipowa (@), ..., (ay)) = FWpipowa(by), ... (by)) 27

Boundary condition: Assume that the ordered argument vector B can be
ordered as min; |a;] or max;[a;], then:

Yerpowa(min; [aj]) < FWpipowa(a)) < Ypipowa (maxj [aj]) (28)

These properties demonstrate the consistency of the OWA operators and
how they are conserved in conjunction with the linear regression.

3. Estimating the exchange rate volatility using linear regression with

OWA operators

Volatility influences decision-making in the corporate and macroeconomic
variables (Lahmiri, 2017). Movements in the exchange rate are caused for
undefined and ambiguous factors generated by economic and political events
(Cazorzi et a., 2017). Therefore, exchange rate volatility series present difficult
statistical behaviours such as trends, abrupt changes, and volatility clustering.

In forecasting and estimating exchange rates, the random walk models are
frequently used to generate better exchange rate forecasts (Cazorzi et al., 2017). In
the case of voldtility, the autoregressive (AR) models have been used in different
contexts with satisfactory results (Zhang & Ling, 2015). However, the statistical
behaviour of the financial series in a time of significant instability has led several
authors to propose using combined methodologies to improve forecasting and
estimation volatility (Lahmiri, 2017).

Moreover, very often, the variables and data of volatility models cannot be
determined in a precise sense. Therefore, fuzzy logic provides an appropriate tool
for modelling imprecise models (Singh, 2018). The ordered weighted average
(OWA) operator is an aggregation operator used in uncertain environments. In the
OWA operator the information can be represented so that it can be under- or
overestimated, considering the decision-maker's attitudinal character.

This section develops the proposed formulation previously seen. The
Mexican peso exchange rate in 2018 is used to calculate the volatility and estimate
and forecast.
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4.1 Numerical example

Volatility is the variable that will be calculated. A frequent proposa in
scientific research is the volatility measure through logarithmic variances of returns
log-volatility (Kim et al. 1988). One characteristic of log-volatility is eliminating
the trend by creating a stationary series, which can be adapted much better to
volatility models. It can be defined asfollows:

Definition 9. Log-volatility of dimension n is a mapping log —
volatility: R — R such that it has logarithmic returns as R = ln(pi), where p,

t—-1

isthe current price. Then,

where R isthe returns mean.

The estimation and forecast of volatility are carried out with an
autoregressive AR (1) moddl asfollows:

hy = a + Brhi_q, (30)

where h;_; isthevolatility FIX exchange rate with one lag. The proposed
models are the followings.

1 Yaowa = @aowa T BiyowaXi

2. Yerowa = Aprowa + Biprowa¥i

3. Ypowa = Apowa T Bipowa¥i

4. Yeimowa = @pinowa + BipimowaXi
5. Ypipowa = Apipowa + BipipowaXi

The parameters o and B, are estimated performing the following steps:

Sep 1. The elements and components in attribute vector B are defined. The
sequence is n = 12 because the decision maker believes these periods influence the
volatility. Then, two vectors are presented: one h; for the current exchange rate
volatility and other h,_, for the volatility with a delay period (See Table 1).

Sep 2. Determine the weights vector, the probability vector induced vector
and the prioritized components. The weight vector is the same for both variables
assigning the highest weights to the months closest to the month to estimate and
forecast. The probability vector is developed according to the probability of
occurrence in 95 previous periods using a probability of importance of 40% to the
weight and 60% to the probability. The induced vector is according to the nearest
months (See Table 1).

Table 1. Application data

Dat
€ hy he 4 w WHowa P U;
January 0.00036453 8.503E-05 0.2 0.2 0.01 3
February 0.00034939 0.00036453 0.1 0.2 0.05 4
March 2.9921E-05 0.00034939 0.05 0.1 0.04 12
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April 0.00031963 2.9921E-05 0.05 0.05 0.08 11
May 0.00344596 0.00031963 0.025 0.05 0.10 10
June 0.00096067 0.00344596 0.025 0.05 0.06 9
July 0.0061078 0.00096067 0.05 0.05 0.06 8
August 2.6445E-05 0.0061078 0.05 0.05 0.10 7
September 1.3146E-05 2.6445E-05 0.05 0.1 0.10 6
October 1.7718E-05 1.3146E-05 0.1 0.2 0.10 5
November 0.0024819 1.7718E-05 0.15 0.2 0.15 2
December 0.00014748 0.0024819 0.15 0.25 0.15 1

The prioritized components are developed with three different vector
weights chosen by area experts. The weights are the following
w; = 0.099,0.095,0.082,0.082,0.079,0.076,0.075,0.076,0.077,0.078,0.076,0.105
w, = 0.3,0.2,0,0,0,0,0,0,0.1,0.1,0.1,0.2
w; = 0.1,0.05,0,0,0.05,0.05,0.05,0.05,0.05,0.1,0.2,0.3

The importance of each expert for the use of prioritized operators is 40%
for expert 1, 40% for expert 2 and 20% for expert 3.

Sep 3. In this step, the use of the HOWA, PrOWA, POWA, PIHOWA and
PIPOWA operators to obtain v and p is done (See Table 2).

Table 2. Results using different OWA extensions

Operator v n
HOWA 0.00228114 0.002278016
PrOwA 0.00170816 0.00170564
POWA 0.00102197 0.00101698
PIHOWA 0.00120145 0.0014803
PIPOWA 0.00111077 0.00109614

Sep 4. With the information obtained in Table 2, the variance and
covariance calculation are done with the different OWA extensions (See Table 3).
Table 3. Variances and covariances with different OWA extensions

Variable HOWA PrOWA POWA PIHOWA PIPOWA
variance 5.96395E-06 2.77502E-06 3.22023E-06 4.43952E-06 3.14874E-06
covariance 2.696E-06 3.1859E-07 -6.17197E-07  -6.90606E-07 -6.1405E-07

Sep 5. In this step the estimation of § and a is done with the information
provided by the below steps (See Table 4).

Table4. B and a calculated with OWA operators

Variable HOWA PrOWA POWA PIHOWA PIPOWA
B 0.4520491 0.1148064 -0.1916628  -0.1555588  -0.1950154
a 0.0012514 0.0015123 0.0001949 0.0014317 0.0013245
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Sep 6. The estimation of the volatility using the different OWA extensions
isdonein this step. The volatility models are the following.
Ryowa = 0.001251363 + 0.452049076h,_,
hprowa = 0.001512343 + 0.114806417h,_,
hpowa = 0.000194916 — 0.19166281h,_,
hPIHOWA = 0001431723 - 01555588ht_1
hpipowa = 0.001324536 — 0.19501541h,_,
Sep 7. Thefinal step is to substitute the values of h;_; in the models and
compare all the results (See Table 5).
Table 5. Results using different for mulations

LR HOWA PrOwA POWA PIHOWA PIPOWA

h, 0.00134098 0.00131803 0.00152928 0.00016665 0.00140878 0.00129578

The results show that the simple regression with ordinary least squares has
aresult similar to the regression with the HOWA operator, then it can use when we
use data and linearity is considered. Probability utilization underestimates the result
to 0.00016665, this show that we can use LR-POWA in expected scenarios of low
volatility. On the contrary, using an estimate with prioritized operators
overestimating the result can be applied when there are high volatility expectations.

Linear regression with PIHOWA and PIPOWA operators shows results
around the simple OL S, which is different from the use of probability or prioritized
the results are closer. This indicates the possibility of using these estimators when
thereislow or high volatility but not in an extreme sense.

4. Conclusions

This paper proposes to use OWA aggregation operators in the process of
estimating ordinary least squares to process complex and uncertain data. The new
methodologies are called; the linear regression heavy OWA (LR-HOWA), the
linear regression prioritized OWA (LR-PrOWA), the linear regression probabilistic
OWA (LR-POWA), the linear regression. Heavy induced prioritized OWA (LR-
PIHOWA) and linear regression probabilistic induced prioritized OWA L(R-
PIPOWA). The main advantage is estimating or sub-estimating the linear
regression parameters, which can adapt to different scenarios ranging from the
minimum OWA to its maximum.

The main definitions and properties of the linear regression with OWA
operators are presented. Additionally, the OWA families in linear regression are
shown. This includes the maximum, minimum, generalized, quasi-arithmetic,
guadratic, geometric, harmonic and cubic operators.

The new methodology was applied in exchange rate volatility, where
different results are observed depending on the operator used. Using prioritized
operators in the estimation process overestimates the results, which is suitable for
high volatility scenarios. On the contrary, the result is suggested when the
parameters are estimated using probabilistic operators. This information can be
used to create volatility ranges according to future scenarios. To continue
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developing thisidea, in future research, the application in other extensions of OWA
operators, such as the moving average (OWMA) (Fonseca-Cifuentes et al., 2021)
and Bonferroni OWA (BOWA) (Y ager, 2009) will be made.
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