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RISK AND UNCERTAINTY: ANALYZING THE INCOME AND 

SUBSTITUTION EFFECTS 

 

 

  
Abstract.This paper presents a model of decomposing the price effect into the 

income and substitution effect when uncertainty is present. There are two distinct 

approaches in the classical theory of consumer: the first one – the consumption set – 

based approach is introduced in the first section. The second approach treats 

consumer’s choices using the utility function; in the second section we present the 

most important concepts like uncompensated and compensated demands, expenditure 

function and indirect utility function, which we use in the last part of the paper. In the 

last section we show how the Slutsky equation can be adapted for the case when risk 

and uncertainty is present. 

Key words: substitution and income effects, Slutsky equation, risk aversion. 

 

JEL  Classification: D11 

 

 

We consider a market economy E with a finite number of consumers, H and 

where n commodities exist. We refer the consumer as an individual, family or 

household who make a decision to select a consumption program, meaning a 

specification of all his inputs and outputs. 

 

1. THE POSSIBLE CONSUMPTIONS SET - BASED APPROACH 
  

 We will use the notation “h” to refer to one particular consumer, where 

h=1,2,…,H. 

A consumption program or commodity bundle for the consumer h is a list of 

amounts of the different commodities or a commodity vector and can be viewed as a 

point in R
n 
(

n

h Rx ∈ ), the commodity space. The vector xh is also called the demand of 

consumer h. This consumption bundle could be possible or impossible for the 

individual h to consume. 
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Definition 1. The consumption set for the consumer h is a subset of the commodity 

space Rn, denoted by Xh, whose elements are all the possible consumptions xh that the 

h-individual can consume given the physical constraints imposed by his environment. 

 Many commodities are not listed in xh, so Xh is, generally, a subset of a 

relatively small dimension space R
n
. 

 

Definition 2. The aggregate consumption vector or aggregate demand is the vector 

∑
=

=
H

h

hxx
1

. 

Definition 3. The set of aggregate demands is the set ∑
=

=
H

h

hXX
1

.  

 In order to go further, we need to introduce some assumptions regarding the 

consumption set. 

 

Assumptions made on the possible consumption set [1] 

 
We will make the following assumptions on Xh: 

 

Assumption 1. Xh is closed. 

 Let ( ) *
Nq

q

hx ∈  be a sequence of consumption vectors. If 
q

hx  is a possible 

consumption for the consumer h, ( )h

q

h XxNq ∈∈∀ *
 and if 

0

h

q

h xx → , then 
0

hx  is a 

possible consumption for him ( )hh Xx ∈0
. 

 

Assumption 2. The set Xh has a minorant with respect to the relation “≤ ”, i.e. there is a 

point 
n

h Rx ∈*
 such that hh xx ≤*

 for all hh Xx ∈ . This statement is equivalent with 

the inclusion { } Ω+⊂ *

hxX . The set Ω  is defined as: { }0, ≥∈=Ω ωωω nR . 

 This assumption is realistic from an economic perspective. If the commodity i 

is an input, then hix  has the lower bound 0. If the commodity i is an output (meaning 

that the consumer make an offer on the labour market or is willing to work being paid) 

it is superior bounded (when consider the absolute value). This is because the 

consumer cannot supply an infinite quantity of working time during a finite period of 

time. 

 

Assumption 3. There is a possible consumption vector hh Xx ∈ , such that hh xx ≤  

for all  hh Xx ∈ ,  },...,2,1{ Hh∈ . 
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Assumption 4. The set Xh is connected (i.e., intuitively, Xh is a single “piece”). 

 A set 
nRS ⊂  is connected if it cannot be partitioned into two nonempty, 

closed and disjointed subsets in S. 

 

Assumption 5. The set Xh is convex, i.e. hhh Xxx ∈∀ 21 , , the following holds: 

 ].1,0[,)1( 21 ∈∀∈−+ tXxttx hhh  

 

To formalize the next assumption, we suppose that the n commodities are all 

traded in the market at known prices. Formally, these prices are represented by the 

price vector ),...,,( 21 npppp = . 

In the economy E, society’s initial endowments and technological possibilities 

are owned by the consumer. We suppose that consumer h initially owns the 

vector hx and he can sell it at the market prices. In addition, the consumer h owns a 

share dhf of firm f, where dhf is nonnegative and it gives him a claim to fraction dhf of 

firm f’s profits.  

We can state now the assumption: 

 

Assumption 6. For each household h, the income Rh - calculated at any price set  p and 

any production possibilities set Yf,  is given by: ∑
=

+=
F

f

fhfhh pydxpR
1

)(  , with           

0≥hfd  and 1
1

=∑
=

H

h

hfd . 

 This assumption shows that each firm is a partnership between households and 

the firm itself: the household could either obtain some profit, either looses some 

money in case of bankruptcy. But
fY∈0  and so, the firm f, maximizing his profits, 

will always choose the vector yf  such that 00 =⋅≥ ppy f . 

In the same way of choosing the right decision regarding profit maximizing 

vectors, there is a choice of the consumption vectors that are preferred with respect to 

the budget constraint and are maximizing utility vectors. 

 If the consumer h (or a decision maker) has a preference ordering over the 

commodity bundles in the consumption set Xh, denoted by  hf  and satisfying the 

following properties: transitivity, completeness and convexity, then the preferred 

vector for the set hXB ⊂  is a vector hx
~  such that Bxh ∈~  and Bxxx hhhh ∈∀,~

f . 

  

 



 

 

 

 
Daniela Marinescu, Dumitru Marin 

________________________________________________________________ 
 

It is possible that more than one vector exist, having these properties, i.e. there 

is a set of vectors satisfying the budget constraint, all contained in the same 

indifference set, but all at least as good as any other vector from the consumption set. 

 Another optimization problem, similar with the above problem of choosing the 

preferred vector satisfying the budget constraint is: find the vector
hh Xx ∈ , which 

minimize the cost of obtaining a given or fixed utility level. This vector is known in 

the literature as the compensated demand or Hicksian demand. 

 

Definition 4. The Hicksian Demand Correspondence is the set: 

    






 ∈== hhh

xx
hhhh XxpxpxxxpX

hh

,min),(
0

''0

f

  

Proposition 1. The correspondence ),( 0

hh xpX  is upper semi-continuous in p, for 

every fixed vector hh Xx ∈0
. 

Proof 

 Let { } *N
p ∈γ

γ
 a prices sequence and pp →γ

. We suppose 

that ),( 0

hhh xpXx γγ ∈  and hh xx →γ
. Then, the vector 

γ
hx  is preferred to the 

vector
0

hx  and also the vector xh is preferred to same vector
0

hx . If
'

hx  is preferred 

to
0

hx , then, from Definition 1.4, we have that 
'

hh xpxp γγ
γ ≤  and taking the limit we 

obtain
'

hh pxpx ≤ , i.e. ),( 0

hh xpX  is upper semi-continuous in the price vector p. 

 

2. THE UTILITY FUNCTION – BASED APPROACH 
 

In the following section we drop the index h used to index the consumers from 

the economy.  

If we define a preference relation (denoted by f ) over the possible 

consumption set and this ordering has the known properties (transitivity, completeness 

and convexity), then we can define a utility function assigned to the consumer. 

 

Definition 5. A function RXU →:  is a utility function representing preference 

relation f  if, for all ,, Xyx ∈ yxf  if and only if )()( yUxU ≥ . 

 It is possible that the compensated demand correspondence and the 

uncompensated demand correspondence are singletons (they contain only one element, 

i.e. the optimal vector is unique). Therefore, the relationships between compensated 

and uncompensated demands could be used for analysing the income and substitution 

effects. [1, 2, 4]. 
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Assumption 7. The utility function RXU →:  is: strictly increasing, strictly quasi-

concave and belongs to the
2C  class. 

 

Definition 6. The Uncompensated (Walrasian or Marshallian) Demand, denoted by 
nRRpX ∈),(  is the optimal solution of the following utility maximization problem: 

  

0

)(max

≥

≤

x

Rpx

xU
x

  (P) 

Definition 7. The function ),( RpV  is called the Indirect Utility Function and 

represents the objective’s optimal value in the program (P), i.e. 

)),((),( RpXURpV = .  

 

Definition 8. The Compensated (Hicksian) Demand, denoted by 
nRup ∈),(ϕ , is the 

optimal solution of the following expenditure minimization problem: 

  

0

)(

min

≥

≥

x

uxU

px
x

  (D) 

 

Definition 9. The function ),( upC  is called the Expenditure Function and represents 

the objective’s optimal value in the program (D), i.e. ),(),( uppupC ϕ= .  

 

Theorem 1. [1,4] Suppose that RXU →:  is a utility function: 

i) strictly increasing,  

ii) strictly quasi-concave, 

iii) from the class 
2C   

and suppose that 0),( ≥upC . 

 Then: 

1) ),( upC  is strictly increasing in u, increasing in pi, for any ni ,...,2,1=  and 

concave in p; 

2) ),( upC  is differentiable in pi , for any ni ,...,2,1=  and satisfies 

niup
p

upC
i

i

,...,2,1),,(
),(

=∀=
∂

∂
ϕ . (Shepard’s Lema). 
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If the function ),( upC  is from the class 
2C  in p, then, using the Schwartz’s 

Theorem (the symmetry of second derivatives) we have: 

 
ijji pp

upC

pp

upC

∂∂
∂

=
∂∂

∂ ),(),( 22

, and so 
j

i

i

j

p

up

p

up

∂

∂
=

∂

∂ ),(),( ϕϕ
 (1) 

The compensated and uncompensated demand functions satisfy the following 

relations: 

 
),()),(,(

),()),(,(

upupCpX

RpXRpVp

ϕ
ϕ

=

=
     (2) 

 

Proposition 2. [2,4] The Slutsky Matrix, denoted by ),( uppϕ∇ , is symmetric and 

negative semi definite. 

Proof 

 Differentiating the expression from (2) with respect to pi (as a compound 

function) we get: 

=
∂

∂
⋅

∂

∂
+

∂

∂
=

∂

∂

i

j

i

j

i

j

p

upC

R

RpX

p

RpX

p

up ),(),(),(),(ϕ
 

       ),(
),(),(

up
R

RpX

p

RpX
i

j

i

j ϕ⋅
∂

∂
+

∂

∂
=  

or 

  
R

RpX
RpX

p

RpX

p

up j

i

i

j

i

j

∂

∂
⋅+

∂

∂
=

∂

∂ ),(
),(

),(),(ϕ
 

 Using the symmetry condition (1), yields: 

R

RpX
RpX

p

RpX

R

RpX
RpX

p

RpX j

i

i

ji

j

j

i

∂

∂
⋅+

∂

∂
=

∂

∂
⋅+

∂

∂ ),(
),(

),(),(
),(

),(
           (3) 

 Finally, since the expenditure function ),( upC is concave in p (from Theorem 

1), the matrix ),( uppϕ∇  is negative semi definite.  

Note that

nj
niji

p
pp

up
up

,...,2,1
,...,2,1

2 ),(
),(

=
=












∂∂
∂

=∇
ϕ

ϕ . 

 Another immediate result is that:  

ni
R

RpX
RpX

p

RpX i

i

i

i ,...,2,1,0
),(

),(
),(

=∀≤
∂

∂
⋅+

∂

∂
  (4) 
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Proposition 3. [2,4] The Walrasian Demand satisfies: 

  ni

R

RpV

p

RpV

RpX i

i ,...,2,1,
),(

),(

),( =∀

∂
∂

∂
∂

−= . (Roy’s Identity) 

Proof 

 We use the relations: 

  
)),(,(

),()),(,(

RpVpCR

RpXRpVp ii

=

=ϕ
 

and differentiating with respect to R and  pi we get: 

  1
),()),(,(
=

∂
∂

⋅
∂

∂
R

RpV

u

RpVpC
 and 

0
),()),(,()),(,(
=

∂
∂

⋅
∂

∂
+

∂
∂

ii p

RpV

u

RpVpC

p

RpVpC
 

These yield: 

  ),()),(,(
)),(,(

),(

),(

RpXRpVp
p

RpVpC

R

RpV

p

RpV

ii

i

i ==
∂

∂
=

∂
∂

∂
∂

− ϕ  

 

Example 

 Let 
2RX ⊂  be the possible consumption set and consider the consumer’s 

utility function RXU →: , 2121 ln
2

1
ln

2

1
),( xxxxU += . 

 Then, the utility maximization problem is:  

  

0,0

ln
2

1
ln

2

1
max

21

2211

21
, 21

≥≥

≤+






 +

xx

Rxpxp

xx
xx
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The Uncompensated Demand, 







=

2

1

2/

2/
),(

pR

pR
RpX  is the optimal solution of 

this program and the indirect utility function is 
21

2

4
ln

2

1
),(

pp

R
RpV = . 

 Solving the expenditure minimization problem: 

{ }

0,0

ln
2

1
ln

2

1

min

21

21

2211
, 21

≥≥

≥+

+

xx

uxx

xpxp
xx

 

we obtain the Hicksian Demand 









=

21

12

/

/
),(

ppe

ppe
up

u

u

ϕ  and the expenditure 

function 212),( ppeupC u= . 

 It is easy to verify that the expenditure function satisfies all the properties 

listed above in Theorem 1: increasing in u, p1 and p2, strictly concave in p and 

belonging to the class C
2
. More than this, we have: 

  jijiup
p

p
ee

p

p

p

upC
i

i

juu

i

j

i

≠==∀===
∂

∂
,2,1;2,1),,(

2

2),(
ϕ  

 We can now verify the relationships between the two types of demands 

(compensated and uncompensated demand) – the relations (2): 

),(
2/

2/

/

/

/

/
)),(,(

2

1

21

2
ln

12

2
ln

21

),(

12

),(

21

21

RpX
pR

pR

ppe

ppe

ppe

ppe
RpVp

pp

R

pp

R

RpV

RpV

=







=

















=









=ϕ  

and 

),(
/

/

2/2

2/2

2/),(

2/),(
)),(,(

21

12

221

121

2

1
up

ppe

ppe

pppe

pppe

pupC

pupC
upCpX

u

u

u

u

ϕ=









=










=








=  

 We have also: 

RR
pp

pp
ppeppeRpVpC

pp

R

RpV =⋅===
21

21

21

2
ln

21

),(

2

2
22)),(,( 21 . 

 By differentiating the indirect utility function with respect to R and pi we 

obtain: 
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RR

RpV 1),(
=

∂
∂

 and 
ii pp

RpV

2

1),(
−=

∂
∂

 

 Hence, ),(
2),(

),(

RpX
p

R

R

RpV

p

RpV

i

i

i ==

∂
∂

∂
∂

− , which is exactly The Roy’s Identity. 

 

 

The utility function homogeneous of degree one 
  

Consider a utility function having the following form RXU →: , 

2121 ),( xxxxU += , a function homogeneous of degree one. 

 

 Given this function, how can we derive the expenditure function? We must 

solve the following linear program: 

  

{ }

0,0

min

21

21

2211
, 21

≥≥

≥+

+

xx

uxx

xpxp
xx

 

 Because the constraint is binding, the problem can be rewritten as: 

  [ ] upcxupxp
xx

)()(min 1211
, 21

=−+  

Therefore, the objective function is linear in u. 

 

Proposition 4. Suppose that a utility function, RXU →: , is homogeneous of degree 

one. Then: 

 a) The expenditure function ),( upC  is linear in u; 

 b) The Engel’s curves are linear and go through the origin. 

 

Proof 

a) By definition, { }XxxuxUpxupC ∈≥== ,0,)(min),( . 

The utility function being homogeneous of degree one, the utility level uλ is obtained 

for the vector xλ , therefore the associated cost is equal to the initial cost multiplied by 

λ . Hence, upcupC )(),( =  holds. 

b) Using the relation ),()()),(,( RpVpcRpVpCR == , we get 
)(

),(
pc

R
RpV = . 
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From Theorem 1, we have: niu
p

pc

p

upC
up

ii

i ,...,2,1,
)(),(

),( =∀⋅
∂

∂
=

∂
∂

=ϕ  

or 

niRp
pc

R

p

pc
RpV

p

pc
RpVpRpX i

ii

ii ,...,2,1,)(
)(

)(
),(

)(
)),(,(),( =∀=⋅

∂
∂

=
∂

∂
== αϕ

 

This result shows that the Engel’s curves are linear and go through the origin. 

This property is valid for any homothetic utility function (an increasing transformation 

of a utility function homogeneous of degree one). 

 

3. RISK AND UNCERTAINTY IN CHOOSING THE OPTIMAL  

   PORTFOLIO 
 

 In the previous sections, we studied choices that result in perfectly certain 

outcomes. In reality, many important economic decisions involve an element of risk. 

In this section, we focus on the special case in which the outcome of a risky choice is 

an amount of money.[5]  

We will consider an economic agent representing the private investors that has 

an initial income 0w  (the initial endowment). He has two choices: the first one-to 

invest it in one active without risk, where r denotes the interest rate; the second-to 

invest in a risky active. We will consider that the interest rate for the risky active is a 

random variable 
~

e  with mean and variance finite.  

We will denote with a (%) the amount invested in risky active.  

The agent’s income at the end of the first period will be: 

i) The agent invests 
0aw  in risky active and at the end of the first period he will 

have ( )eaw +10  (for a certain value e for 

~

e )  

ii) The agent invests ( ) 01 wa−  in active without risk and he will have at the end of 

the first period ( ) ( )rwa +− 11 0 . 

So, at the end of the first period he will obtain: 
 

( ) ( ) ( )( ) [ ] ( )[ ]raaewararaeawraweawew −++=−−+++=+−++= 111111 0000

  

We will analyze the income and substitution effects using the Slutsky Ecuation. 

 Suppose that  e  is the mean value of e~ and we denote by 
2σ  the variance, 

negligible with respect to higher moments. We consider: 

  [ ] { } 101 )~1(~ xeawExE =+=  and 
2

0

2
~ )(
1

σσ R

x w=  
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 The economic agent has a utility function )~(),~( 2121 xxEUxxB +=  

approximated by a function dependent on 1x  and 2x . For this, we use the concept of 

certainty equivalent, denoted by )( 21 xxEC + . [3,4] 

The certainty equivalent satisfies the equation: 

( ))()~(),~( 21212121 xxExxUxxEUxxB C +−+=+=   

 (5) 

 We will also use the notations eez −= ~ , σσ =z  . Hence 0)( =zE  holds. 

 Then: 

  [ ]))1((),~( 2121 xzxUExxB ++=     (6) 

 We approximate the function from (6) by a series expansion: 

( ) 22

1
211

2121121
!2

)("

!1
)(')( zx

xxUzx
xxUxxUzxxxU ⋅

+
+⋅+++≈++           (7) 

 The right side of (7), ( ))( 2121 xxExxU C +−+ , could be approximated 

(from Lagrange’s Theorem) by: 

( ) )()(')()( 2121212121 xxExxUxxUxxExxU CC ++−+=+−+    (8) 

 From (7), taking the “expected value” of both sides (applying the operator 

“E”) we get: 

( ) 22

1
21

2121
!2

)("
0)~( σx

xxU
xxUxxEU

+
+++=+                (9) 

   The relations (8) and (9) combined yield: 

  )(
22)('

)("
)( 21

22

1

22

1

21

21
21 xxr

xx

xxU

xxU
xxE aC +=

+

+
−=+

σσ
, 

where )(⋅ar  represent the absolute index of risk aversion.[3,4] 

 We approximate ),~( 21 xxB  by: 

  







+−+= )(

2
),( 21

22

1
2121 xxr

x
xxUxxB a

σ
   (10) 

 From the definition of 1x  and 2x , we can write the following relation: 

  
r

x

e

x
w

+
+

+
=

11

21
0        (11) 

or 

  201
1

1
)1( x

r

e
ewx

+
+

−+= . 

 The equation (11) is called the income equation or welfare equation.   
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If we define 
e

pe +
=

1

1
 and

r
pr +

=
1

1
 , the equation could be written as: 

210 xpxpw re += . 

 Therefore, the problem of choosing the optimal portfolio is: 

  

021

21
,

..

),~(
~

max
21

wxpxprs

xxB

re

xx

=+
      (12) 

or 

  

021

21

2

1

2

21
,

..

)(
2

max
21

wxpxprs

xxr
x

xxU

re

a
xx

=+









+−+

σ
 

From Gossen Law, the optimal point must satisfy the first order condition: 

  
r

e

p

p

e

r

x

U

x

U

=
+
+

=

∂
∂
∂
∂

1

1

2

1       (13) 

 The welfare equation and the condition (13) form a system of equations. 

Solving this system we obtain the optimal solutions 
*

1x  and
*

2x . 

 

 For example, suppose that the utility function has a particular form, 

xxU ln)( = . Then, the system to be solved is: 














=+

+
+

=

+

−
⋅−

+

−
⋅−+−

021

2

21

2

1

2

2

21

2

1

2

21
1

2

1

1

)(

1

2
1

)(

1

2
)(

2
1

wxpxp

e

r

xx

x

xx

x
xxr

x

re

a

σ

σσ

    

or 














=+

+
−

=

+
+

+
−

021

2

21

1

2

21

1

2

1

)(2
1

)(2
1

wxpxp

e

er

xx

x

xx

x

re

σ

σ

     (14) 



 

 

 

 
Risk and Uncertainty: Analyzing the Income and Substitution Effects 

_____________________________________________________________________ 

  

 In the same way as we did in the previous section (Definition 6, Definition 7), 

we denote by ),,( 0wppX re  the uncompensated demand and by ),,( 0wppV re  the 

indirect utility function, both having the properties from Proposition 2 and Proposition 

3. 

 Consider a fixed utility level for the economic agent, denoted by b. 

 The goal of our analysis is to determine the minimal initial endowment that 

consumer needs for attaining the utility level b (i.e. the utility level associated to one 

particular social category or for people living in a community). 

We can state now the following nonlinear optimization problem: 
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The solution of this problem is ( )21 ,ϕϕ  or the vector ( ) 
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Then, the minimal expenditure function: 

  
21),,( ϕϕ rere ppbppC +=  

and it has the properties listed in the previous section, i.e. it is concave and increasing 

in prices, increasing in b and satisfies Shepard’s Lemma. 

Differentiating the relationships between the functions )(⋅X  and )(⋅Φ , we get: 
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or 
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 The equation (17) shows how the price effect (the left side of equation) can be 

decomposed into a substitution effect and an income effect (the first and respectively, 

the second term of the right side). 

 Analogous, it follows: 
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 The equations (17), (18), (19) and (20) are combined into the matrix form of 

Slutsky Equation: 

  ( )*

2

*

1 ,),(),(),( xxwpXbpwpX wpp ⋅∇−Φ∇=∇   (21) 

 

 The above model could be adapted for analyzing the evolution of physical or 

chemical process (or any type of process), having a risk when producing. Hence, the 

goal of the model is minimizing the costs for obtaining a certain result, fixed a priori. 
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