Lecturer Marius GIUCLEA, PhD
Lecturer Costin Ciprian POPESCU, PhD
Department of Mathematics

Academy of Economic Studies Bucharest

ON STATISTICAL PATTERN WITH FUZZY DATA

Abstract. In this paper, a general regression model with input-output trapezoidal
fuzzy data, derived from a previous algorithm for triangular data [5], is discussed.
Finally, an implementation of these results with application in estimating the
efficiency of a decision making units model is presented.
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1. THE GENERAL FRAMEWORK

It is known that for a trapezoidal fuzzy number X = (x',x”,g,;), the membership
function is given by:

0, if xe (— oo,x'—g)

1 .

—(x—x)+1, ifxe [x'—g, x']

u

¥ =11 ifxe(x,x"]

—i(x—x”)Jrl, if xe (x”,x”+;]
u

0,ifxe (x”+;,+oo)
Consider the n pairs of data X,,Y, (where the first is independent variable, and the
second is the dependent variable):
(X,.Y), 1<i<n

where X,,Y; trapezoidal fuzzy numbers.
It must be find the real numbers a,b € R such that the relation

Y=a,+aX
describes, in accordance with least squares approach, the best line fitting the data.
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Thus, it must be minimized:
S(%aal): ZDzz(ao "'alXiaYi) (*)
i=1
where the distance D; (see [5]) is given, for Z, = (Zi (r),z- (r)) and
Y, = (Xi(”)ayz'(”))’ by
1

D2(21)= [I2.0)- 1. Far + [[E)- T Far,

0
or, if consider the form Z; = (z'i , 2" ,{,-,Ei), Y, z(y',. T ,\_/l.,\7.), with
Zi(r):z'i—zi +tr, Zl-(r):z”i+t,- —tir, Z(r):y'i—\_zl. +vyr, Y,-(r):y"i+\7i —-Vr:

Dzz(Zin): %|:(Z'i_£i _y'i-H_}i)z + (Z'i_y'i)z + (Z”i+;i _yni_‘ji)z + (Z”i_y”i)z:|
The total error has two different forms according to the sign of q,.

First case: a, >0 (H1)

Under this hypothesis one can write
1 1

S(ay,a,)= i[j(ao +a, X, —Zi)zdr+j(ao +a,X, —Z)zdr]

i=l{ 0 0
Second case: a, <0 (H2)
In this case, the sum S(a,, ) is:

S(ao,al)z Zn:[j(ao +aX, —Xi)zdr+j(a0 +a, X, —Z)zdr}

i=1] 0 0

2. THEORETICAL RESULTS

First of all, the function
S(ag.a,)= Zn:Dzz(ao +a,X,.Y;)
i=1

must to be minimized, w.r.t. a, and g, (belonging to real axis).

Theorem 1.
Assume that hypothesis (H1) is true. Then the minimization problem

min iDZZ(a0 +a,X,.Y))
i=1

%
ay,a;€R

admits a single pair of real solutions.
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Proof.

n

1 1
S(a,b) =Z[j ay+a, X, -Y, dr+J- a,+a,X,-Y, dr]
i=1| o 0

S

1
J‘ [ao+al X' —u; +u, r) y'i+\_/i—\_/ir]2dr}+
i=l| o

n

1
+Z[J- [ao+a1 X" +u; —ur) = +\7l.r]2dr]E
i=l| o

1 n
= EZ{ [ao +a (x'i_%‘)_ (y'i_‘_)i )]2 + (ao +ax'; =y )2 +
+[a0+al(x”i+"_‘i)_(y”i+‘7i)2+(a0+a1x”i_y”i)2 }

After establish the equality with zero for the partial derivatives of S (ao, al) w.r.t.
a,,a,, one can derive:

4na, + alzn:(2x'i+2x”i+17i —gi)z Zn:(2y'i+2y"i+\7i —\_/l.)
i=1 i=1
aOZ(2x'l.+2x"l.+L7i —gi)+ alZ[(x'i—gi)2 +(x"l-+u ) +x" +x”2]

:Z —u; )(y,_‘_’ (x”i+1/_lixy”[+‘_)i)+x’i Vix' y”[]

i=1

We have

TS 3 ERPp Uy S

2
- [Z(zx'i +2xX" i —u; )} =

i=1

:{:l [1+1+1+1]}-{§[(x‘,-—z,-)2+(x",~+“) + X7 +x”2]}
_ {z [, =, )+ (57, 2, )+, +27, ]}2

Thus A(H1)>0.

A, (1) {i(zy; 2y, )}-

i=1
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'{i[(xv"_z")z + (64, )+ ] +x"2]}
{z[( N (N5 ) ]}_
: {Z (2x'+2x" 4+, —u, )} ,

i=1
and

=

A, (H1)= {
) 4”{5: [(x’i_%-)(y',——\_zl.)+ (x”i +il; )(y' F +‘_’i)+ Xy Y+ vt ]} ‘

i=1

(2y'i+2y”i+‘_’i —Y )} '{i(lei"'zx”i"'ﬁi —Y; )}_

i=l i=l

Consequently, we obtain a unique pair which verifies the above two equations:
o™ = @1 | a, (HY)],

af™ = |1 | [a, ()] 0

Theorem 2.
Assume that hypothesis (H2) is true. Then the minimization problem

min D a +a,X.,Y
a4, R z 0 1% is 4 )
admits a single pair of real solutlons.

Proof.

n |1 1
S(ao,al)zz j(ao+a1)?l.—Zi)zdr+j(a0+alii—7i)zdr =
i=l] 0 0

1

=2\ [ la+a (x4, =)=y 4y, —vrPar |+
i

=1| o

N

1
+ Z I [a, +a (x'l.—gi +gir)—y”l.—171. +\7l.r]2dr
Lo

=

IR

—1i{ g+ a ("7, ~ (', )P + (g + g’y P +

l\)

+[a0+a1(xi_ﬂi)_(y i+v1')] +(a0+a1x'i_y”i)2 }

After writing the equality with zero for the partial derivatives of S (ao, al) w.I.t.
a,,a,, one can obtain:
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n n

4na, +a, Z(Zx'l.+2x"i+1/7i —gi)z Z(2y‘1—+2y"i+\7i —\_/i)
i=1 i=1

n

a0 (2204, — )+ 3 F o+ (e x|

i=l i=1

= Zn: [(x”i+l’_li)(y'i_‘_}i )+ (x'i_%' )(y”i+‘_)i)+ X" Y+ y”i]
im1

We have
A(H2) =4n Zn: [(x'i—gl. )2 + (x”i +u; )2 + x',.2 er”i2 ]—
z
—{Z(2x‘i+2x”i+ﬁi —gi)} >0.
i=1
Moreover,
A, (H2)= {an@yb 20" 47, -, )}-
i=1
{Zn: [(x'i —U; )2 + (x' L )2 + x'z‘z +x' '? ]} -
i=1
- {Z [(x' U )(y'i -V )+ (x'i U, )(y”i +V; )+ Xy Y ]} '
i=1
'{i(zxvi +2x" 4w —u, )}
i=1
and

i=l

A, (H2)= {Zn:@yb +2)" 4, —y,-)} -{Zn:(ZXD +2x" i )} -

i=1

- 4”{i [(x' Lt )(y'i Y )+ (x'i_%i )(y”i +; )+ XYy ]}
i=1

We get the unique real solutions for system equations:

o = a2y | a, (12)] = [a(1) ! A, (H2)],
o™ =[a@m2)]"-[a, (H2)] = [a@D] [a, (H2)]. ©
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Theorem 3.
The following inequality holds:
al(Hz) < al(Hl)

(This relation ensure us that the problem (*) always has a unique solution, if we
presume (Hl)v (H2) is true, namely a global solution).

Proof.
We have

AH1)'A, (H1) - A(H2) A, (H2)= A(HI)™ (Aal (HI)-A, (H2))=

= A(H1)71 4”{i [(x’i _gi)(y'i _‘_’i)+ (x' U )(y”i +‘_’i)+ Xyt yt ]} -

i=1

- A(Hl)il 4”{i [(x' LU )(y'i _‘_’i)"' (x'i U, )(y"i+‘7i )+ XA Y ]}

i=1

Since
{i [(xvi_%)(yvi_‘_’i)+ (x”i+17i)(y”i+‘_’i)+ X Yty } -
i=I
B {2 [(x' U )(y'i _l)i)+ (x'i U, )(y”i +V; )+ X" Yyt ]} =
i=l
= L) )=y, (= ) ) T
i=1
e )+ e (e )+l ) T
i=1
+Z[ -V (x”i_x’i)+y"i (x”i_x'i) ]:
i=1
= n [ (Yi +‘_’iXx”i_x’i)+(y”i_y’i)(ﬂi +;i)+ (‘_’i +\_2ng1. +;i) ]2 0
i=1
then
AH1)"A, (H1) - A(H2) A, (H2)>0.
Thus

o™ =[am2)]" [a, (12)] < |a(E1) ' }a, (D] =0 0



On statistical pattern with fuzzy data

3. NUMERICAL APPLICATION

We consider the data from [2],[3] (concerning a DEA-data envelopment analysis
model) with eight input-output (inp.,outp.) measurements: (X Y ), i=18, where

X, Y

i i

1.

27

Table 1: Input-output data

are represented as (x‘l. X" u i,;i) and (y'l. A \_zi,\_z,- ), respectively (Table

i Input (X;) Output (Y,)
1 (3:3:2;,2) (3:3;1,1)
2 (4;4;0.5;0.50) (2.50;2.50;1;1)
3 | (4.50;4.50;1.50;1.50) (6;6;1;1)
4 ] (6.50;6.50;0.50;0.50) (4;4;1.25;1.25)
5 (7;7;2;2) (5;5;0.50;0.50)
6 (8:8;0.50;0.50) (3.50;3.50;0.50;0.50)
7 (10;10;1;1) (6;6;0.50;0.50)
8 (6;6;0.50;0.50) (2;2;1.50;1.50)
Table 2: Extended input data
Input x'; —U; X" +u (x'i —U; )2 (X' i )2
(3;3;2;2) 1 5 1 25
(4;4;0.5;0.5) 3.50 4.50 12.25 20.25
(4.5;4.5;1.5;1.5) 3 6 9 36
(6.5;6.5;0.5;0.5) 6 7 36 49
(7,7;2;2) 5 9 25 81
(8:8;0.5;0.5) 7.50 8.50 56.25 72.25
(10;10;1;1) 9 11 81 121
(6;6;0.5;0.5) 5.50 6.50 30.25 42.25
Table 3: Extended output data
Output V=, '+,
(3;3;1;1) 2 4
(2.5;2.5;1;1) 1.50 3
(6;6;1;1) 5 7
(4;4;,1.25;1.25) 2.75 2.50
(5;5;0.5;0.5) 4.50 5.50
(3.5;3.5;0.5;0.5) 3 4
(6;6;0.5;0.5) 5.50 6.50
(2;2;1.5;1.5) 0.50 3.50
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After defining the auxiliary coefficients 4, B, C, D, E,, i =1,n then a new form
of the theoretical equations obtained in section 2 are:

4na, +ale ZC
%iA+%ZB ZD

Hypothesis1(H1) =

and
4na, + aIZAi = ZCi
Hypothesis 2 (H2) = . = =
a, Y 4 +a, ) B, =) E
i=1 i=1 i=1
where
=2x",+2x"+u; —u;,
B, =(x'l.—gi) +(x"l.+u ) +x7 X",
C =2y +2y" . +v, —
D, = ( )(yz Vi ) (x" +,; )(y” +V; )"'x'i Vitx" v,
E; = (x" +H; )(yz _i) ( i_ﬂi)(y”i""’i)"'x”i Vit vt
Table 4: Auxiliary coefficients

i 4 B, (6 D, E,

1 12 44 12 40 32

2 16 64.50 10 38.75 37.25

3 18 85.50 24 111 105

4 26 169.50 16 86 86.25

5 28 204 20 142 138

6 32 256.50 14 112.50 | 111.50

7 40 402 24 241 239

8 24 144.50 8 49.50 46.50
Assume (H1).

Thus we have the equations (Theorem 1)
32a,+196a, =128

196a, +1370.5a, =820.75
which lead us to the first preliminary solution:
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a,=2.67,a,=0.21
Assume (H2).

We solve the equations (Theorem 2)
32a,+196a, =128

1964, +1370.50a, = 795.50
which give us
a,=3.58, a,=6.76x107

Table 5: Preliminary results

H1 H2

a R R
s = = Hypothesis (membership set)
a R R.
a, 2.67 3.58 _
Model solutions
@ 0.21 6.76x107°
Y N Eligibility

Taking into account Table 5 and Theorem 3, we may conclude that the best
forecasting line is given by mathematical relation:

-
........
®

Y=2.67+021X (Fig. 1)

[ Y PN N T R
(=) L wh wn = wh
H
b

wh

h

S s et b b b L L) o P e i L

Adboiasg bala- bala
wn

L

4 555 454 353 252 1541

Fig. 1. Best line fitting the given eight (inp.,outp.) data

For , R and

aeE
""""""
e
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0, ifxe(—oo,x'—g)

IR | =

(x—x')+1, ifxe[x'—g,x']
f((x)_ 1, ifxe(x',x"]

—Z(x—x") +1, ifxe(x",x"+ u]

0, ifxe (x"+ u,+oo)
we have

0, ifxe(—oo,oc(x'—g)+ﬁ)
1 . . . ,
a—z[x—(ocx+[3)]+l, 1fxe[oc(x g)+B,ocx+B]

1 ifxe(ocx'+B,OUC"+B]
1 " . e " Al -
_E[x_(ax +ﬁ)]+1, if x (OLX +B,0L(x +u)+BJ

0, ifxe (a (x"+ ;) + B,+oo)

For instance, if X, = (3,4,1,1), s € N,s 29 then in an orthogonal system of
coordinates (xOy), we may write

0, ifxe(—oo,Z)
x—2, ifxe[2,3]

1, ifxe(3,4]
—x+5, ifxe(4,5]
0, ifxe(5,+oo)

Fig. 2. Representation of input data (X S)
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Thus, estimated response is
Y,(x)=2.67 +0.21X,(x),
SO
0, if x € (~ 0;5.55)
2#67[): ~8.22]+1, if x € [5.55;8.22]
¥ (x)= 11 if x < (8.22:10.89]

- L[x ~10.89]+ 1, if x € (10.89;13.56]
2.67

0, if x € (13.56;4+00)

In simplified form, Y, may be represented as Y, = (8.22;10.89;2.67;2.67).

N

Fig. 3. Representation of estimated value (Y, ).

4. CONCLUSION

A method for estimating the linear trend of fuzzificated (in trapezoidal form, so
only four cartesian coordinates are needed) statistical data was studied. The
theoretical results (the existence and uniqueness of solution in the general case
which are proven in second section) were applied to a set of experimental data and
the forecast corresponding to a random input data was calculated.
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