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Abstract. In this study, the Black Scholes equation with uncertainty in
its volatility is considered. A numerical algorithm for option pricing
based on the orthonormal polynomials from the Askey scheme is derived.
Then dependence of polynomial chaos on the distribution type of the
volatility is investigated. Numerical experiments show that when
appropriate polynomial chaos is chosen as a basis in the random space
for the volatility, the solution to the Black Scholes equation converges
significantly fast.

Keywords: polynomial chaos, option pricing, stochastic differential
equation, Black Scholes equation, spectral method.

JEL Classification: G13, C63, C02
1. Introduction

In this paper, we study the Black-Scholes partial differential equation for the
option price u(5,t, &),

s +rS——ru=0, (1)

where S is the price of the underlying asset,  is the risk-free interest rate and the
volatility o = a@(#)is a function of a random variable &. Assuming the volatility
as a random process, one can resolve shortcomings of the constant volatility
assumption in the Black-Scholes model. See Hou et al. (2006) and Lewis (2000).
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By changing the variable x =In{5), the equation (1) becomes the following
equation for 7 = v(x, t,£) = u(S,t,&),

r—io‘: E—mﬂ={]. (2)

=

ﬂv+1 ﬂaﬂer( 1 )ﬂv
.
at 2 ax?

Without loss of generality v is denoted by u for notational simplicity.

The solution u is a function of the deterministic variable {x,t) and the random
variable £. For instance, if & = dW{t) is a standard Gaussian with zero mean
and unit standard deviation for a Brownian motion I#(t), the solution u is a
function of x, ¢ and the Brownian motion path Wy = {W(s)|0 = 5 = £}, There
has been many studies on such type of problems. The Cameron-Martin theorem
(1947) separates deterministic and random variables of the solution for
o = dW(t) by a Fourier transform with respect to the Hermite polynomials of £
(Mikulevicius (1998)),

Theorem 1 (Cameron-Martin theorem). Assume that for fixed x and t, u is a
function of the Brownian motion W on the interval [0, {] with E|u(x,t,£)|? < oo,
Then wu(x,t,&) has the following Wiener chaos expansion (WCE)

ulx, t,¢) = Zuﬁ(xa t)Hg,  ug(x,t) = Elulx,t,§) Hy], (3)

el

where 1 =4{a = (ay,az,...) | a; ££0,1,2, ...}, |a| =< oo ] denotes the set of multi-
indices for |a| = X2 e, and H,(E) is the multi-variate Hermite polynomial of
&= (8,8,..), Hu(&) =TIZ Ho (&), H () is the normalized af™ order
Hermite polynomial. First two statistical moments of u(x,t are given by
Elulx,t,8)] = up(x,t) and Elu?(x,t,8)] = B luglx, )% respectively.

Due to the randomness of the solution of this type of equation, one wants to
know statistical properties of the solution such as its first, second or higher
moments, instead of one particular solution corresponding to a specific realization.
Theorem 1 shows that if & = dWW(t}, statistical moments of the solution can be
obtained from the coefficients {u,}, which implies that the stochastic equation (2)
can be interpreted as a system of deterministic equations for 1i,'s. Cameron and
Martin (1947) show that this Wiener chaos expansion (WCE) represents a second-
order random processes with respect to orthogonal Hermite polynomials which
converges in the mean square sense. Ghanem and Spanos (1991, 1999) extend the
polynomial chaos with respect to solid mechanics problems. Askey and Wilson
(1985) consider various orthogonal polynomials and classify them.

Polynomials in the Askey classification can be an orthonormal basis if the
probability density function of an appropriately chosen random distribution is used



Polynomial Chaos Solution to the Black Scholes Equation with a Random Volatility

as the weight function of the inner product. For example, Jacobi polynomials are
orthonormal if the inner product is defined in terms of the density function of the
Beta distribution. Xiu and Karniadakis (2002) apply hypergeometric polynomial
chaos into stochastic differential equation problems. Hou et. al. (2003, 2006) or
Lin et. al. (2006) then extend the polynomial chaos to stochastic partial differential
equations in fluid dynamics. But their studies are mainly focused on a randomness
driven by a Brownian motion and their studies are limited to the effects of Hermite
polynomial chaos. Mikulevicius and Rozovskii (1998, 2004) perform analytical
approaches to the Wiener Chaos expansion.

In this paper, we construct a numerical algorithm based on the hypergeometric
polynomial chaos for the Black Scholes equation (1) with a random volatility.
Inspired from the work by Hou et. al. (2006), we solve the Black Scholes partial
differential equation when g is random and investigate the effects of the type of
polynomial chaos. Numerical experiments in Section 4 show that given a certain
random distribution for the volatility the option value converges substantially fast
if the chosen Wiener-Askey chaos is orthonormal with respect to the probability
density function. The solution to the Black Scholes equation seems to converge at
a slower rate if the appropriate polynomial chaos is not used.

This paper is organized as follows: In Section 2, we outline properties of the
Black Scholes equations and orthogonal polynomials. The numerical scheme based
on the polynomial chaos expansion is explained in Section 3. Numerical schemes
introduced in Section 3 are validated in Section 4.1 using a linear advection
equation, then they are applied to the Black Scholes equation with random
volatility in Section 4.2.

2. Black Scholes equation and polynomial chaos

Black Scholes equation (1) can be solved analytically when the option is simple
enough. For instance, the European vanilla call option has max{S(T) — E,Q0} as
the payoff at expiry 7, where S(¢) is the price of the underlying asset at  and £ is
the exercise price. Then its solution is

u(s, t) = 5N(d,) — Ee " T-9N(d,) ,

where N(-) is the N(0,1) distribution function for a standard normal random
variable and
p log(S/E) + (r+362)(T— 1)

1

bl

aJT — ¢
P log(S/E) + (r =2 )(T — 1)
i gy T —1¢ I

Let 1z(5,t) denote the solution u(5,t) for the European vanilla call option with
the emphasis on the exercise price £ in order to use in Section 4.2.
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Let {p,(x)} represent hypergeometric orthonormal polynomials such as
Jacobi, Laguerre or Hermite polynomials of degree n. Polynomials p, {x) can be
derived from the n™order differentiation, p,,(x) = ﬁﬁgn[m(x}:#“'ix}] for some
wix) and @{x), with a constant of normalization ¢,, or from a generating
function as explained in Kreyszig(1989). {p, (1)} are orthonormal when the inner
product is defined by < p,, p, >= f:pm(x}pn(x}dg = @, , Where the
measure uis expressed using a weight function wi(x), du(x) = w(x)dx, and
[a,b] is the correspondlng support of the measure u. For example, Jacobi

polynomials ], o (x) are derived by

(="

(e ) _
e NS T (:L+xjﬂ.:,r n

(@ -y + ) ™E)

with frim'g} (x) = 1. Setting @ =0, § = O results in the Legendre polynomials:

u-u-](x} N ju-u-}( ) = (%) u-u}( ) = (mx—;‘fﬂf)

{j :,:f’ £) (x}} are orthonormal with respect to the probability density function of the
Beta distribution, <= }:f"g“, j:,;mg} == f_ll j’:,f"g} (x]}:;m'gj (Dwlx)dx= 8pmp

[la++oiia—x) Fataf
2B+ B+ (s DBy
a recurrence relation,

where w(x) = Note also that orthogonality of {p,.(x)} derives

Enpn(x} = (JX.' - ﬂn}pn—lix} - bnpn—E(X}J n=123 .. (4}

with p_;{x) =0 and pgyl{x) =1, where a,,b,and c, are constants. For
example, Jacobi polynomials satisfy

() _ 2in+1lintarf+1) () pR-a? (o)
0 = g e ren Aot D s e e @
intalint ) 'I'L.E:'{x}

'Hn-l-n:—#ﬂ}(!n-l-n:-l-ﬂ-l-i}

Jacobi, Laguerre and Hermite polynomials will be used in this study and Appendix
A summarizes the properties of Hermite and Laguerre polynomials. Table 1
outlines the definitions of those orthogonal polynomials and corresponding
probability density functions with respect to which those polynomials are
orthonormal. See Szego(1939) for more properties of various orthogonal
polynomials.
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Table 1 : Orthogonal polynomials

Polynomials Definition Pdf with respect to which
Pn (x) B, (x) are orthonormal
Jacobi ,F,',‘!mg} (x) (-0~ . Ma+B+2)(1—x)%(1+ x)
2nn! (1 —x)=(1 +x)F 204BHIM(a + I(E + 1)
d n
R (1= =(1+x)"F)
() —kje
Laguerre L, (x) ":'5‘ + 1} F1'|: i+ 1,x) ek
I‘(cx +1)
i 1 .'n Z i —e D R
Hermite H,(x) | {— } 2 (e'“ 2) e
+ zﬂnl dx” 2

3. Numerical formulation

We represent the solution u of the Black Scholes equation (1) with random
volatility #(¥) by

H(X, t, Ej = EEEI“E(XJ r}pn: (g} ’

where 1, = E[u(x,t,&)p,].  p.(¥) are orthonormal polynomials such as
normalized Jacobi polynomials. From p, (&) = [1{Z,p,,(&;), this ulx, £,&) can
be simply written as

ul, £,8) = iopo + Z ms%ZZ 22 )

i=1j=

+ZZZ Uiepaln i) + o (3)

i=1j=1k=

where p,{&, &2, ..., &, ) denotes the polynomial chaos of order n in the n
independent and identically distributed random variables & = (&y,£a,...,&,) For
notational simplicity, we follow the notation of Xiu and Karniadakis (2002). Then
(5) can be rewritten as

uls, .8 = ) U (©), ®
a=0

where there 1is a one-to-one correspondence between the functions
P (&1, &2, &) in(5) and p,(£) in (6) and also between iy, ,and u,. When
(6) is used, (1) can be written as
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+T(Zugp¢) =0,

a=0

where T=T—t and T, = f 22 (Dipa(DwlBdt . Since p,'s are not dependent on
Xor T,

(i(ung}rpﬂ:) - i Fpbg i(‘u},}ﬂp}, — i(u}"}xp}-'
a=0 F=0 ¥=0 y=0
—-r (Z(un:}xpﬂ:) +r (Z uﬂ:ﬂﬂc) =0.
a=0 a=0

Since pg's are an orthonormal basis, pgp, can be written in terms of pg's,

[= =

Pelby = Z CafyPa

a=0

where  egp, =< Papepy == | Pe(x)pp(x)p, (x)w(x)dx . Then the Black
Scholes equation can be written as

D | e =) capy () — 1y ) = )+ 7 [ = 0.

= =)
a=0 B

Since p,'s are orthonormal, we derive an infinite system of u.'s,

(un:}r - Z EE:,E}"G,E((H}"}II - (u}r}x} - T(uﬂ:}x +rug = 0, Yo =012, ..
By

When this infinite system is truncated into a finite dimension,

P

(ugd: — Z En:,E}rc"_.E{(u}r}x_x - (uy}x}_riuﬂ:}x +71u, =0,V =01, .., P. (7)
Exy=0
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we obtain the algorithm for the (P + 1) order polynomial chaos,

B
ulx, t,&) = Z Ugpe (£) . (8)
=0

Under simplifying assumptions, we can derive an error estimate in the Appendix B.

N

max,, ||E'|u(x, ) — gy (%, t}|2 = Jﬂataf’: + h(E)T(g}
V5K JIVE N 3

+

1

We are working on the analytical error analysis above to eliminate those
simplifying assumptions. It should be noted that the polynomial chaos expansion
derives a system of deterministic equations, whose solution determines statistical
moments of the solution of (1). Since the resultant system is deterministic, it needs
be solved only once, and thus the computational loads will be reduced.

Since the Black Scholes partial differential equation we consider in Section 4
require very high order of accuracy, the fourth order Runge Kutta method is used
for temporal discretization in this study and spectral method in Trefethen (2000) is
used for the spgtial differentiation. From (7),

(un:}'r = Z EE:.E}"GE{(M]I}II - (u}r}x} - T(urx}x + g,
By=0

and by taking the Fourier transform we obtain

b
(i), = Z eapyop(—n?il, — ixil, ) — inrii, +rii, .
By=0

The Runge Kutta method of order 4 for the Black Scholes equation based on the
spectral method and the polynomial chaos expansion is as follows:

Step 1. Compute ii, at t foreach a.

Step 2. Set Ky o =r{ix— 1}, + ng},zﬁemg},ﬁg(—ﬁ — ix}ﬁ}, .

Step 3. Set K, o = rlic — (0o 4K, o/2) + X5 eup, 05(—x? — ix) (1L, +K,,./2).
Step 4. Set Ky ;= rlin — 1)(0a+K20/2) + XF o gy 0p(—r" — ix) (T, +Ky, /2).
Step 5. Set Kyp =rlin— 1) ({i,+K3,) + EEJ},:EEEE},GE(—KE —ix)(il, +Kg, ).
Step 6. Update ii, at T+ dr by

a
G (c+do) = (o) + ET{HM + 2Ky + 2K + Kag),

where @71 is the time step in T.
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4. Numerical results

Numerical schemes introduced in Section 3 are validated in Section 4.1 using a
simple linear advection equation problem, then the schemes are applied to the
Black Scholes equation in Section 4.2. In each section, it is shown that the
polynomial chaos expansion converges very fast if the solution is expanded in
terms of some appropriate polynomials, that is in terms of those polynomials,
which are orthonormal with respect to the probability density function of the
random variable. Then by observing the behaviors of Jacobi, Laguerre, and
Hermite polynomial chaos expansions, it is shown that given a random variable
following a certain random distribution, if the polynomial chaos is not chosen
properly the convergence rate may be slow.

_ When Baxact LX) represents the mean or variance of the random solution, if
¢(x) is a numerical approximation to the function @®gyacc(x), we use the L,
error in this study defined by

| X
(1 - — z
Eg = |FZ{¢'{XJ} - qbexa:t(x}'}} ’ (1 ﬂ}
*J I}.z 1
where IV, is the number of points in x.

4.1. Stochastic linear advection equation
Let us consider a following linear advection equation
up+ 2ku, =0, (xt) € [-a,n] x[0,05] (11)

with the initial condition wu(x, 0} = sin (x) and a periodic boundary condition. The
exact solution is wu(x,t) = sin (x — 2kt). Let us assume that & is a random
variable. Using the polynomial chaos expansion (8) for u =E£=Duﬂ:pﬂ and
k= Eizﬂ k &P, the advection equation (11) becomes

F F P F
du,,
RS ) ST
E=0y=0 o=0

c=0

[~

F
Z En:,ﬁ‘}rk,ﬁ‘(ur}xpﬁ
y=o

o

=]
1]

Since {p,} are orthonormal, we obtain a system of P + 1 equations,

g,
t

P
s = 2 ZZ Capyg())e @ =01,.,P. (12)
F=oy=0

Equation (12) is solved using the Runge Kutta method and the spectral method
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as explained in Section 3.

Let us first assume that £ is a Beta random variable with the probability density
function fleFl(k) = Tosfena-iaif g o o 1, a,ff =1. Section 2

T
suggests that Jacobi polynomials are optimal for the Beta distribution. Figure 1
(Left) represents a semi-log plot of the errors of mean and variance for a Beta
random variable in terms of P when « = § = 0. The figure shows that those
mean and variance converge at an exponential rate as the length P of the
expansion increases when the Jacobi polynomial chaos is used as a basis.

ol
001 o1k
0001 E
0.0001 -
5 le0Sk 5
[ =001
1e-06 £
1e-07k

le-08

1e-09 [

e 0.001

le-10

0 1 4 H 6 0 1 2 3 4 5 6

u

Figure 1: Errors of mean and variance at t = 0.5 (Left) when the Jacobi
polynomial chaos is used for the Beta forcing and (Right) when the Laguerre
polynomial chaos is used for the Gamma forcing.

In case of the Gamma distribution with a parameter @, the probability density

function is filk) = ;_;"f,
chaos from the Askey polynomial chaos family is orthonormal with respect to
folk). Figure 1 (Right) shows the exponential convergence of the Laguerre
polynomial chaos for the mean and variance when k follows the Gamma
distribution with ¢ = (0 and it corroborates the fact that a proper choice of the

polynomial basis results in significantly fast convergence.

0=k<oo,a>—1, and the Laguerre polynomial

In order to validate the importance of the proper selection of the polynomial
chaos, let us consider the situation when & for the polynomial basis {p_,(%)} and
k in the equation belong to two different probability spaces (12, 4,FP) with
different event spaces 12, o —algebras A4 and probability measures P. That is, k
follows a certain random distribution and the polynomial basis {p,(E)} is not
orthonormal with respect to the probability density function of % as the weight
function of the inner product for {p.(Z)}. For example, k& follows the Beta
distribution and {,(E)} can be Laguerre polynomials. Let ¢ and 1 be the
probability density functions of & and E, respectively, and let < and ¥ be their
distribution functions. When k_ = [ kp (£)y(&)d& is being computed, k and £
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may not have the same support. Then we need to change the measures similarly to
the way in Xiu and Karniadakis (2002). Let us first define a uniformly distributed
random variable v such that v =&(k) = ¥(&). If k*(y) and &*(y) are
defined by & y) = k*(y) and Pl =y ,
k,=[kp, (5)p(&ds = fﬁl k*(v) po(¥5(y))dy . Then we can estimate the

probability density function of k using {p.{E}}. k& will be represented in the
form of k= Eﬁzﬁ k.p.(x) . From the transformation of wvariables,
dy = ¢{k)dk = ¥{&)d?, the probability density functions of k of different
orders are approximated by ¢(k) = w(e}'}%. Similar procedures will be performed
for (1) in Section 4.2.

01
001
5 0001
g E

g
s
£ 0.0001

Figure 2: Convergence from the Hermite, Laguerre and Jacobi polynomial
chaos for (Left) mean and (Right) variance when k follows the Beta
distribution

Figure 2 (Left) compares the convergences of the mean for (11) from the Hermite
(star), Laguerre (square) and Jacobi (filled circle) polynomial expansions when &
follows the Beta distribution. Figure 2 (Right) compares the convergence of the
variance. The figures show that when the Hermite or Laguerre polynomials are
used as a basis for the Beta distribution, the error still decreases but the
convergence using the Jacobi polynomials is substantially faster than those using
the other polynomials.

4.2. Black Scholes equations

Let us solve the Black Scholes equation (1) where the volatility & is random.
For the numerical experiments, we consider the butterfly-spread option, that is, for
the same asset and expiry date, we hold a European call option with exercise price
E, and another with exercise price E5 and write two calls with exercise price
E, = (Ey + E;)/2. Figure 3 shows its payoff diagram at expiry.
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payoff

Figure 3: The payoff of the butterfly spread call option at expiry

Given the price ug{5,t) of the European vanilla call option with the exercise
price E in Section 2, the exact price of the butterfly-spread option above is

uEXELr_'t('S-J t} = u.EJ_(S.I t} + uE; (51 t} - 2“51(51 t} . (1 3}

E, =15 and E; =25 are used in the numerical experiments with time to
maturity T = 0.5 and risk-free interest rate r = 0.05. Let us first assume that the
volatility ¢ follows the Beta distribution with @ = 0 and =0, that is, the
uniform distribution,

o=01+04t (14)

where ¥ has a standard uniform distribution 1J{0,1), so that ¢ ranges between
0.1 and 0.5. Since the exact option value Ugy..(5,) is known from (13), we can
estimate for each § the error between the exact option price and the numerical
approximation from the finite-order polynomial chaos. Figure 4 shows the errors of
mean and variance for a range of § values between the exact option values and
polynomial chaos approximations as the index P increases. For each 5 value, the
magnitude of errors decreases in  P.

S

45

0.1 =

2
0 50 0 50
S S

Figure 4: Errors of mean and variance for a range of .S values when the Jacobi
polynomials chaos is used for the Gamma volatility
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Figure 5 is a semi-log plot of the L, errors (10) of mean and variance when the
number of grids I, is 128 and 256. The figure shows that the errors converge
exponentially when the Jacobi polynomial chaos is used as a basis for the Beta
distribution.

Mp——T——F T T T T T T

*—e Mecan (N=256)
&—8 Variance (N=256) ]
#--# Mean (N=128)
@-0 Variance (N=128) ]

001

Error

0.001

[001070] =SS I I A ) IS A TR AT I SE R
0

Figure 5: Convergence for the mean (filled circle) and variance (square) with
IV, = 256 (solid) and 128 (dashed) grid points with respect to the Jacobi
polynomial chaos when the volatility o follows the Beta distribution.

Next, let us consider the case when the volatility @ is not uniformly distributed
but it follows the Gamma distribution. As explained in Section 4.1, the Gamma
distribution with a parameter @ has the probability density function

£l = E_._ki"'x 0 = k < o and the Laguerre polynomial chaos from the Askey
gu p

Iia+1)
polynomial chaos family is orthonormal with respect to the density function f, (k).
Figure 6 shows the errors of the mean and variance with respect to the Laguerre
polynomial chaos when the volatility ¢ is given by

E 4
=0.05+ 055 | —
“ (2{]) ‘

where & follows the Gamma distribution with o = 0, so that ¢ values mostly
range over [0.05, 0.6]. It is shown that exponential convergence rate is also
obtained for both mean and variance.
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*— Mean (N=256)
50 Variance (N=256) |
#--# Mean (N=128)
@--a Variance (N=128) []

Error

0.001 T T

Figure 6: Convergence for the mean (filled circle) and variance (square) with
N = 256 (solid) and 128 (dashed) grid points with respect to the Laguerre
polynomial chaos when the volatility ¢ follows the Gamma distribution

In order to see the effectiveness of the appropriate selection of the polynomial
chaos for the Black Scholes equation, let us compare again how the solution
converges with respect to Jacobi, Laguerre and Hermite polynomial bases when the
volatility o follows a certain random distribution. Figure 7 compares the
convergences of the option values in terms of the Jacobi (filled circle), Laguerre
(square), and Hermite (star) polynomial chaos when the random o follows the
Beta distribution (14). The Jacobi polynomial chaos results in significantly faster
convergence than the Laguerre or Hermite polynomials for both mean and variance
similarly to the results observed in Section 4.1.

01 T T T T T T T 01g

001
0.01 = g E

~ o001

L 1 L L 0.0001 = L L B
> 0 2 3

P : - 3

Figure 7: Convergence for the (Left) mean and (Right) variance with respect
to the Jacobi (solid), Hermite (filled circle), and Laguerre (square) polynomial
chaos when the volatility ¢ follows the Beta distribution.
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Table 2 and Table 3 compare the convergence when two different volatility
functions, &= 0.1+ 0.4t and o =0.1+04%& are considered, respectively. &
is the standard uniform random variable £~11{0,1). Both tables confirm that when
appropriate polynomial chaos is chosen as a basis in the random space for the
volatility, the solution to the Black Scholes equation converge significantly fast,
but other polynomial chaos, however, may result in a slower convergence.

Table 2: Errors in mean (and errors in variance inside the parentheses) with respect
to Jacobi, Laguerre, and Hermite polynomial chaos for various orders P when the
volatility o = 0.1 + 0.4, for a standard uniform distribution £~U{10,1).

P=1 P=2 P=3 P=4
Hermite 0.065454 0.003437 0.011311 0.000828
(0.085752) (0.011514) (0.038713) (0.002437)
Laguerre 0.065454 0.037745 0.013580 0.008696
(0.085752) (0.065843) (0.031650) (0.024110)
Jacobi 0.065454 0.003904 0.000434 0.000331
(0.085752) (0.007744) (0.001367) (0.000183)

Table 3: Errors in mean (and errors in variance inside the parentheses) with respect
to Jacobi, Laguerre, and Hermite polynomial chaos for various orders P when the

volatility ¢ = 0.1 + 0.4%3, for a standard uniform distribution £~1J(0,1).

P=1 P=2 P=3 P=4
Hermite 0.093967 0.043596 0.010517 0.005559
(0.107185) (0.118877) (0.010216) (0.015068)
Laguerre 0.093967 0.029228 0.003983 0.002736
(0.107185) (0.054360) (0.005413) (0.007506)
Jacobi 0.093967 0.036413 0.004124 0.000763
(0.107185) (0.101943) (0.003747) (0.001684)

5. Conclusions

In this paper, the polynomial chaos expansion has been extended to the analysis
of the stochastic linear advection equation and the Black Scholes equation with a
random volatility. Statistical moments of the solution can be easily obtained from
its Fourier coefficients with respect to the polynomial chaos. The substantially fast
convergence is obtained when appropriate polynomial basis is used to estimate
Fourier coefficients. For instance, when Jacobi polynomial chaos is chosen as a
basis in the Beta random space, numerical option price converges exponentially.
Usage of non-proper polynomial chaos may lead to lowering of its convergence
rate.
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When the volatility of the Black Scholes equation is stochastic, characteristics
of the solution may be affected. The analytical study of these problems, especially
of error analysis will be postponed to our future research. We will also work on the
Black Scholes equation with a more general type of randomness in volatility.
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Appendix A. Orthogonal polynomials

Here are brief summary of Hermite and Laguerre polynomials. See
Szego(1939) for more. Normalized Hermite polynomials H,{x) of degree n is

defined by H,(x)= T‘“%‘,ﬂ— with Hy(x) =1. For example,
Hix) =x H,(x) = % Hil(x) = “i_'_jx, w. {H,(x)] are orthonormal with
respect to the probability density function of the Gaussian distribution as the
weight function of the inner product,
= H,, H, == _]"_ImHm(x}Hn (Dewlx)dx =5, » where wl(x)= T%e‘x!”

Normalized Hermite polynomials satisfy the recurrence relation,
Vn+ 1Hy,q (x) — xH, (%) +VnH,_ 1 (x) =0 .

Laguerre polynomials L'::f:' {x) of degree n with the parameter « is defined
by E.';f} (x)= %'D"F_ (-re+ix) For example, when & =0, L,(x) = Llf} (x) is

defined by L, (x) = fﬂiia‘*‘-’x“}' and
o xP—du+2 L.(x) = —x%4+oxt—18x+E
1 3 - :

Lyx) =1L (x) =—x+1, L(x) =— .
! L'f} (x)] are orthonormal with respect to the probability density function of the
Gamma distribution as the weight function of the inner product. For instance, when
a=0 <L,,L, >= J':Lm(x}Ln{x}m(x}dx = 8, Where w(x) = e™%, and
the recurrence relation {n+ 1)L,.q(x) —(2n+1—x)L,(x) +nL,,_4(x) =0 is
satisfied.

y ovam

Appendix B. Error analysis

Let the function v(x,t) be the solution of the Black Scholes equation when
the volatility @ is a constant, o = g*. Under simplifying assumptions, we can
derive a following error estimate in Theorem 2.

Theorem 2. Let o = W (t) for a Brownian motion W(t) and suppose that u
can be derived from v by



Kyoung-Sook Moon, Hongjoong Kim

ulx, t)=v (x - j Wis)ds, t) + Wi(t).
0

If Ug (2, 8) = ¥ pege o Ua(X,2)H, denotes the truncation of the expansion of the
solution (1) over the truncated index set

.irK;.'r = { o= (ﬂl_. vany ﬂgjlﬂi E {-[]_..]._.2_. ...}_. |I5f| = N}_.

where H,(&) is the multi-variate Hermite polynomial of ¥, then the error can be
estimated by

N+l
' 2 By o Brrs1 2t%Y 2
max, |Elu(x,t) —ugy(xt)| = 1¥‘IJﬁtE'*‘ + NeD 3 (B.1)
\.' d .
where [, = sup, E‘;"r.lxn

Proof. Suppose {m,(s)} are an orthonormal basis in L,([0,t]) defined by

my (s)=

1 2 ((k - 1}113)

, Mels) = |—cos
Vi x(s) It -

for k=2 . Define z(t) =_]"u,r Wis)ds and & = f;mi(s}di-lr’(s]. For
s € [0,£], W(s) satisfies

W) = [ 10 @aWE),
o

where y[a.(T) is the characteristic function, y[p.(r) =1 if T €[0,5] and 0
otherwise. Then

W(s) = i :, j:m:- (Ddr = % g+ i £ (kiz_it}ﬁsin ((k _:jm) .
= =

In particular, W (2) = +/t&;. Thus,
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& ([f - V2t r, (k—1L)ms
z(t}—ﬁ—’;sds+;fkm!sm(f)ds

oo 3

=

_e £ e

k=2
ta,’: il ta,’: = ta,-':
= —di + E T ==&+ E T
2 ');1 - K (k _ .1} 2 ﬁk s K (k _ _1} 2 ﬁkJ

" H

where L = ﬂulli(-l + (—1} k},{ﬂz . Set 5 = El + Ef:: Ckﬁ_fk and
z, =z(t) —z . Then z, and =z, are orthogonal, E[zz;]=0 . From
W(t) = +t& , ulx, t) =vlx —z —z,,t) ++4/t& . Expanding v in Taylor's
series with respect to z, gives

tS-

-
=

av _
ulx, ) =vix =z, 8) = E(x -z, =6, 0z, +4/tE,

for some &, . Expanding this in Taylor's series with respect to z; gives

N

ulx, t) =vix,t) + Z
n=1
. (—z, ) N+1 (a:-.-'+11¢.

(—z )ma™v v
i) ——ilx—23 — 04, L)Za
S ) - -z — 6, Oz

(x —8,, t}) +4/tEy,

(WN+1)! s P
a .
for some &, . Let Iy = —i(x —zy — 6,t)z; and
_ ,:_g::,.‘h‘+: aii+ig, B .
.ir: = (N+1)! (al"‘?""—(x _ 32 1 t}) . If UK,.'-.-' 1S deﬁned by

N
(—z)ma™v
n!  ax®

ﬁK,.j'l.'_ = 'E-"(x_, t} + (x_, t} + \-’Eflj

n=1

ilg r(x,£) is a polynomial of &, ..., &,with maximum order N . Since ug y(x,t)
is a Hermite polynomial expansion, which is an orthogonal projection with respect
to Gaussian measure,

-
=

| 5
- = =0 1 1 12
= |E|u(xl.t}_uﬁn\|r(x|.t}| = ‘I'IE|11+IE|"

|
*J|E|u(x, t) — ugy(x,t)

Using the Minkowski's inequality,
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' z
Jﬂﬂm%mm@ﬁlﬂmmmh+mmmh

".+1T_

Ayl

< sup, || (E|231)"2 + sup, ( Elm 232,

(N+1)!
Next, E |ZE| satisfies

A
= _a)

_ t
E|lz3|=E chwfk =ZECk(k }fk )

k=HE+1 k=E+1

o

B
r-:.lr.u

because £,'s are orthogonal. Thus, E|z3| is bounded by

R 1 [=dx\ 8ti/1 1 £3
Bl = ) GelsE(e) s |, & =F(F+ﬁ){ﬁ'
K=K+l

Given a Gaussian random variable X~N{pwo?), E[(X —pu)?*] = s-'f Since

&, ~N{0,1}, z; is a linear combination of centered Gaussian efks SO that it is a
centered Gaussian with mean 0 and variance E|zy | Thus,

= ~ 2NN 1 1)
Since Elzl‘ = E|21 +12,|* = Elz, |3,

(E|Z21)¥+t = (2N + 1 (E|z2[)NH,

E|zu". +2

43 M+1
= (2N + 1) ||:E|z2 [JNtL = (E) (2N + 1)1
because

oo [= =

Elz|? = W2+Z : Ly st
2= 7 & k_ﬂck(k—i}sz T ALk

3 g3 1 t3 8t3g* 1 ;
4 g k_l(zk —1)% 4 %0 3
Now
2N+ 1) =(2N+1)(2N—1) --5-3-1

(s +3)(-3)-6) ) )
= 2N+ 1N(N-1)-3-2-1
= 2NN + 1!

Bl

and (B.1) is derived.
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